Tutorial 7: Fubini Theorem 1

7. Fubini Theorem

Definition 59 Let (21, F1) and (Qa2, F2) be two measurable spaces.
Let E C Qq x Qq. For all wy € 4y, we call wi-section of E in Qs
the set:

B é {WQ e (wl,WQ) S E}

EXERCISE 1. Let (Q1,F1), (Q2,F2) and (S,X) be three measurable
spaces, and [ : (Q1 X Qo, F1 @ F2) — (5,%) be a measurable map.
Given wq € Qy, define:

I 2{ECQ xQy, B € F)}
1. Show that for all wy € Qy, I'“* is a o-algebra on 7 x €.
2. Show that for all wy € Qq, Fy I Fo C T2,
3. Show that for all wy € Q1 and E € F; ® Fo, we have E“1 € Fs.

4. Given wy € €, show that w — f(wi,w) is measurable.
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5. Show that 6 : (Q2 x 1, F2 @ F1) — (21 x Qo, F1 ® Fa) defined
by 0(ws,w1) = (w1,ws) is a measurable map.

6. Given wy € 9, show that w — f(w,ws) is measurable.

Theorem 29 Let (S,X), (21,F1) and (Q2, Fa) be three measurable
spaces. Let f: (1 X Qo, F1 @ Fz) — (S, %) be a measurable map. For
all (wi,w2) € Q1 X Qa, the map w — f(wi,w) is measurable w.r. to
Fo and ¥, and w — f(w,ws) is measurable w.r. to F1 and 3.

EXERCISE 2. Let (£;, Fi)icr be a family of measurable spaces with
card] > 2. Let f : (ILier, ®icrFi) — (E,B(E)) be a measurable
map, where (E,d) is a metric space. Let iy € I. Put By = ,;,,
& = Fiy, Bz = Wicp\ iy, E2 = Qe iy Fi-

1. Explain why f can be viewed as a map defined on E; X Es.

2. Show that f: (E; X E, & ® &) — (E,B(E)) is measurable.
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3. For all w;; € Q;,, show that the map w — f(w;,,w) defined on
e 14,19 is measurable w.r. to ®;ep fi,3F: and B(E).

Definition 60 Let (2, F, ) be a measure space. (Q, F, 1) is said to
be o finite measure space, or we say that i is a finite measure,
if and only if p(Q) < +oo.

Definition 61 Let (Q,F, ) be a measure space. (2, F, ) is said
to be a o-finite measure space, or u a o-finite measure, if and
only if there exists a sequence (Qp)p>1 in F such that Q, T Q and
1w(,) < +oo, for alln > 1.

EXERCISE 3. Let (Q,F, u) be a measure space.

1. Show that (92, F, ) is o-finite if and only if there exists a se-
quence (,,),>1 in F such that Q = WX Q,, and p(Q,) < +oo
for all n > 1.
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2. Show that if (Q,F, ) is finite, then y has values in R™.
3. Show that if (2, F, p) is finite, then it is o-finite.

4. Let FF : R — R be a right-continuous, non-decreasing map.
Show that the measure space (R,B(R),dF) is o-finite, where
dF is the Stieltjes measure associated with F'.

EXERCISE 4. Let (21, F1) be a measurable space, and (Qa, Fa, u2) be
a o-finite measure space. For all £ € F; ® F» and w; € 1, define:

Pown) 2 [ 1pna)da(a)
2
Let D be the set of subsets of {21 x €3, defined by:
DE{EcF ®F : &p: (0, F) — (R,B(R)) is measurable}
1. Explain why for all F € F; ® F», the map ®g is well defined.
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Show that F; I1 75 C D.
Show that if ps is finite, A, B € D and A C B, then B\ A € D.
Show that if F,, € F; ® Fo,n > 1 and E, T E, then g, | ¢g.

Show that if uo is finite then D is a Dynkin system on 27 x €.

. Show that if u5 is finite, then the map ®f : (1, F1) — (R, B(R))

is measurable, for all £ € F; ® Fs.

Let (£25),>1 in Fa be such that 5 1 Q2 and p2(25) < +o0.
Define py = ugg = z(eNQY). For E € Fy ® Fa, we put:

Bpn) 2 [ Lp(n)dus(z)
Qo
Show that ®% : (21, F1) — (R, B(R)) is measurable, and:

(1) = / Lo (2) 1 (w1, 2)dpia()
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Deduce that ®% 1 ®g.

8. Show that the map ®p : (Q1,F1) — (R, B(R)) is measurable,
for all £ € F; ® Fo.

9. Let s be a simple function on (21 X Qq, F; ® F3). Show that
the map w — fQ2 s(w, z)dps(z) is well defined and measurable

with respect to F; and B(R).

10. Show the following theorem:

Theorem 30 Let (21,F1) be a measurable space, and (2, Fa, f12)
be a o-finite measure space. Then for all non-negative and measurable
map f: (Q1 x Qa, F1 @ Fa) — [0, +00], the map:

w— | flw,z)dps ()
Qo

is measurable with respect to F1 and B(R).
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EXERCISE 5. Let (€, F;)ier be a family of measurable spaces, with
cardI > 2. Let ig € I, and suppose that pg is a o-finite measure

n (Qiy, Fip). Show that if f: (IL;er8, @ierFi) — [0, +00] is a non-
negatlve and measurable map, then:

w — / flw, x)duo(x)
Qi

defined on ;e {4,1€%, is measurable w.r. to ®;ep\ (1037 and B(R).

EXERCISE 6. Let (1, F1, 11) and (Qg2, Fa, p2) be two o-finite measure
spaces. For all £ € F; ® Fs, we define:

A
p1 @ p2(E) = / (/ 1E($>y)d,u2(y)> dpy ()
Q1 Qo
1. Explain why g1 ® pg : F1 @ Fo2 — [0, +00] is well defined.

2. Show that p; ® pg is a measure on F; ® Fo.

www.probability.net


http://www.probability.net

Tutorial 7: Fubini Theorem 8

3. Show that if A x B € F; II F», then:
1 @ p2(A x B) = p1(A)pz(B)

EXERCISE 7. Further to ex. (6), suppose that pu: F1 ® Fy — [0, +o0]
is another measure on F; @ Fo with u(A x B) = uy(A)p2(B), for all
measurable rectangle A x B. Let (27),>1 and (03 ),>1 be sequences
in 7 and F> respectively, such that QF T Q1, QF T Qa, p1(Q7) < +o0
and p2(€25) < 4o00. Define, for all n > 1:

A n n n n
D, = {E eF1®F: ,u(Eﬁ (Ql X QQ)) = ®/L2(Eﬁ (Ql X QQ))}
1. Show that for all n > 1, 7y I > C D,,.
2. Show that for all n > 1, D,, is a Dynkin system on 7 x .

3. Show that p = 1 ® pe.

I

. Show that (21 xQg, F1 @ Fa, u1 @u2) is a o-finite measure space.
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5. Show that for all £ € F; ® F», we have:

w1 @ po(E) = / </91 1E(x,y)d,u1($)) dpz(y)

Qo

EXERCISE 8. Let (1, F1, 1), -+, (Qn, Fn, tn) be n o-finite measure
spaces, n > 2. Let ig € {1,...,n} and put Ey = Q;,, Es = II;£;, Y,
& = Fi, and & = @4, F;. Put v1 = 4y, and suppose that vy is
a o-finite measure on (Es, &) such that for all measurable rectangle
Hi;ﬁio Al S Hi;ﬁiofiy we have vy (Hi;éio Al) = Hi;éioﬂi (Al)

1. Show that v; ® v5 is a o-finite measure on the measure space
(Q X ... x Q, F1 ® ... ® F,) such that for all measurable
rectangles A; x ... x A,,, we have:

121 ®V2(A1 X ... X An) = ,ul(Al) .. ,un(An)

2. Show by induction the existence of a measure ppon F1®...QF,,
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such that for all measurable rectangles A; x ... x A,, we have:
WAy x oo x Ay) = p(Ar) e (4y)
3. Show the uniqueness of such measure, denoted p1 @ ... ® fiy,.
4. Show that j11 ® ... ® py, is o-finite.

5. Let i € {1,...,n}. Show that p;y ® (Rizigtti) = p1 Q@ ... Q fin.

Definition 62 Let (Q1, F1,11),- -« (0, Fn,y fin) be n o-finite mea-
sure spaces, with n > 2. We call product measure of p1,..., iy,
the unique measure on F1 ®...®F,, denoted p1 @ ... R Wy, such that
for all measurable rectangles Ay X ... x Ay in Fr ... 11 F,, we have:

This measure is itself o-finite.
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EXERCISE 9. Prove that the following definition is legitimate:

Definition 63 We call Lebesgue measure in R", n > 1, the
unique measure on (R™, B(R™)), denoted dz, dz™ or dzxy ...dx,, such
that for all a; < b;, i=1,...,n, we have:

n

dx([al,bﬂ X ... X [an,bn}) = H(bl — Cll')

i=1

EXERCISE 10.
1. Show that (R™, B(R™),dz™) is a o-finite measure space.

2. For n,p > 1, show that dz"? = dz" ® daP.

EXERCISE 11. Let (21, F1, p1) and (Qo, Fa, u2) be o-finite.
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1. Let s be a simple function on (£ x Q9, F1 ® F2). Show that:

/ sdpy ® pg z/ </ sd,ug) dpy :/ </ sdm) dpo
Ql XQQ Ql Qz Qz Ql

2. Show the following:

Theorem 31 (Fubini) Let (4, Fi, 1) and (Q2, Fa, p2) be two o-
finite measure spaces. Let [ : (1 X Qa,F1 @ F2) — [0,400] be a
non-negative and measurable map. Then:

/leﬂfdlil ®,U2=/Q1 </Qz fd,uz) dpn :/Qz (/Ql fd/”) dyss

EXERCISE 12. Let (Q1, Fi, 1), -+ (Qn, Fn, pn) be n o-finite measure
spaces, n > 2. Let f: (1 x ... x 0y, F1 ®...0 F,) — [0,+0] be a
non-negative, measurable map. Let ¢ be a permutation of N,,, i.e. a
bijection from N,, to itself.
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1. For all w € Tlj44(1)82;, define:
A
he) & [ )i (2)
Q1)
Explain why J1 @ (ILizo1)Q, ®izeyFi) — [0, +00] is a well

defined, non-negative and measurable map.

2. Suppose Ji 1 (Wig(oq),....o)1 s @ig{o),....ok) Fi) — [0, +0]
is a non-negative, measurable map, for 1 < k < n — 2. Define:

A
Jer1(w) = / Je(w, @) dpto (k1) (@)
Q

o(k+1)

and show that:

Tt (Wiggoqy,....o(b+1)y 2% Qigfo(n),....o(k+1)3Fi) — [0, +00]

is also well-defined, non-negative and measurable.
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3. Propose a rigorous definition for the following notation:

/ Ce / fd/J,U(l) Ce d,ua(n)
Q Q

o(n) (1)

EXERCISE 13. Further to ex. (12), Let (f,)p>1 be a sequence of non-
negative and measurable maps:

foi(@x...xQ,Fi®...0F,) —[0,+x]
such that f, T f. Define similarly:
A
H@ & [ i@

o (1)

1>

i (W) /Q JP(w, ) dp 1y (x) , 1 <k <n—2

o(k+1)

1. Show that J¥ 1 J;.
2. Show that if J} 1 Jj, then J,fﬂ T Jha1, 1 <k<n-—2.
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3.

Show that:

/ / Tpdpio(ry - - dpio(n) T/ / Jdps(y - - - diton)
Q Qo (1) Q Q1)

o(n) o(n)

. Show that the map p: F; ® ...® F, — [0, +0oc], defined by:

,u(E) = / ce 1Ed,ua(1) ce dﬂo(n)
Qo (n) Q5(1)

is a measure on F1 ® ... ® F,.

. Show that for all £ € F; ® ...® F,, we have:

M1®~-~®Mn(E):/ / 1Ed,u0(1)...dp,g(n)
Q Qo'(l)

a(n)

. Show the following:
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Theorem 32  Let (1, F1,p1)s-- -, (Qn, Fo, pin) be n o-finite mea-
sure spaces, withn > 2. Let f : (Q1x...xXQy,, F1®...0F,) — [0, +]
be a non-negative and measurable map. let o be a permutation of N,,.
Then:

fdu1®...®un:/ / fdugay - ditgm
/le...xﬂn Qo.(n) Qo'(l) (1) ( )

EXERCISE 14. Let (2, F, 1) be a measure space. Define:
L'E{f:Q =R, 3geLh(UF.p), f=gpas)
1. Show that if f € L1, then |f| < 400, p-a.s.

2. Suppose there exists A C 2, such that A ¢ F and A C N for
some N € F with u(N) = 0. Show that 14 € L' and 14 is not
measurable with respect to F and B(R).

3. Explain why if f € L', the integrals [ |f|du and [ fdu may not
be well defined.
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4. Suppose that f : (2, F) — (R, B(R)) is a measurable map with
[ |fldp < +o0c. Show that f € L.
5. Show that if f € L* and f = f; p-a.s. then f; € L'

6. Suppose that f € L' and g1,92 € Li(Q, F, u) are such that
f=g¢1 pas. and f = go p-a.s.. Show that [ gidp = [ gadp.

7. Propose a definition of the integral [ fdu for f € L' which
extends the integral defined on Lg (2, F, p).

EXERCISE 15. Further to ex. (14), Let (f,)n>1 be a sequence in L*,
and f,h € L', with f, — f p-a.s. and for all n > 1, |f,| < h p-a.s..

1. Show the existence of Ny € F,u(Ni) = 0, such that for all
w € NY, fo(w) — f(w), and for all n > 1, |fr(w)| < h(w).

2. Show the existence of g,,g,h1 € Lix(Q,F,n) and Ny € F,
1(N3) = 0, such that for allw € N, g(w) = f(w), h(w) = hy(w),
and for all n > 1, g, (w) = fn(w).

www.probability.net


http://www.probability.net

Tutorial 7: Fubini Theorem 18

3.

Show the existence of N € F, u(N) = 0, such that for all
we€ N gp(w) — g(w), and for all n > 1, |gn(w)| < hy(w).

. Show that the Dominated Convergence Theorem can be applied

to gnlne,glye and hylye.

. Recall the definition of [ |f, — f|du when f, f, € L*.
. Show that [|f, — fldu — 0.

EXERCISE 16. Let (Qq, F1, 1) and (g, Fa, p2) be two o-finite mea-
sure spaces. Let f be an element of L (21 X Qo, F1 ® Fo, i1 @ p2).
Let 0: (2 x Q1,Fo @ F1) — (1 X Qa, F1 ® F2) be the map defined
by O(wa,w1) = (w1, ws) for all (we,w1) € Qo X Q.

1.

2.

Let A= {wi € Y : [y [f(wi,2)|duz(z) < +00}. Show that
Ac F1 and [Ll(AC) =0.

Show that f(wi,.) € Lk (Q2, Fa, u2) for all wy € A.
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3. Show that I(wq) = fQ2 flwi,x)dps(x) is well defined for all
wy € A. Let I be an arbitrary extension of I, on €.

4. Define J = I1 4. Show that:

J(w)=1aw) [ [T (w,2)dpa(z) — 1a(w) ; f(w, ) dps ()

Qo
5. Show that J is Fj-measurable and R-valued.
6. Show that J € L (Q1,F1,u1) and that J = I pi-a.s.

7. Propose a definition for the integral:

/91 < o, f(x,y)duz(y)> dy ()

8. Show that fQ (1a fQ frdus)dp, = lexﬁg Frdus @ po.
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9.

10.

11.

12.

Show that:

/nl ( o f(x’y)d/@(y)) dpn () =/Q fdm ®pz (1)

1 X822

Show that if f € L&(1 x Qo, F1 @ Fa, 1 @ pa), then the map
wy — sz flw1,y)dus(y) is p1-almost surely equal to an element
of L&(Q, Fi, 1), and furthermore that (1) is still valid.

Show that if [ : (Q1 x Qo, F1 @ Fa) — [0, +00] is non-negative
and measurable, then fo# is non-negative and measurable, and:

/ foﬂdm@m:/ Fdps @ s
Q Q

2 X2 1 XQ2

Show that if f € LE(Q1 x Qa, F1 @ Fa, 1 @ p2), then f o6 is
an element of L& (Q2 x Q1, Fo ® Fi, 2 ® p11), and:

/ fo9du2®u1=/ fdur @ po
o o

2 X 1 X Q0
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13. Show that if f € LE(Q1 x Q2, F1 @ Fa, 1 @ pa), then the map

Wy — le f(x,wa)dps () is pa-almost surely equal to an element
of L&(Qa, Fa, p12), and furthermore:

/92 < o, f(xvy)dul(x)) dp2(y) = /lefd‘“ ® pia

Theorem 33 Let (1, F1, 1) and (Qa, Fa, ua) be two o-finite mea-
sure spaces. Let f € Llc(Ql X Qo, F1 @ Fa, 1 ® ua). Then, the map:

wr— [ flwr,z)dps(x)
Qo

1s p1-almost surely equal to an element of Lé(Ql,}],ul) and:

/Ql < % f(x’y)dMZ(y)> dpy () = /lei”dm ® po
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Furthermore, the map:

wr— [ )i (2)
Q

1s po-almost surely equal to an element of Lé(Qg,fg,ﬂg) and:

/92 < o, f(xvy)dul(x)) dp2(y) = /lefd’“ ® pia

EXERCISE 17. Let (Qq, F1, 1), - - ,(Qn, Fu, pin) be n o-finite measure
spaces, n > 2. Let f € LE(Q1 % ... XDy, F1®...QFp, 1 @ ... ).
Let o be a permutation of N,,.

1. For all w € Tl;44(1)§2;, define:

JAN

Ji(w) 2 / o) @)

Explain why J; is well defined and equal to an element of
L&z (1) Qs @201 Fiy Qistor(1) i) Qistor(1) Hi-almost surely.
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2. Suppose 1 < k < n — 2 and that Jj is well defined and equal to
an element of:

LeMig 01,0001 > Qig{o1),....o(k)} Fir @ig{o(1),....00k) } i)
Qig{o(1),....0(k)} Hi-almost surely. Define:

AN
@) 2 [ T, a)dusgern (@)
Qo (kt1)

What can you say about Jjy.

3. Show that:

/ Ce fd,ua(l) Ce d/J,U(n)
Qo (n) Qo(1)

is a well defined complex number. (Propose a definition for it).

4. Show that:

/ R fdﬂo(l) - d,ug(n) = / fdpu1 @ ... ® uy
Q Q1 X...x

o(n) Qs (1) Qn
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