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7. Fubini Theorem
Definition 59 Let (Ω1,F1) and (Ω2,F2) be two measurable spaces.
Let E ⊆ Ω1 × Ω2. For all ω1 ∈ Ω1, we call ω1-section of E in Ω2,
the set:

Eω1 �
= {ω2 ∈ Ω2 : (ω1, ω2) ∈ E}

Exercise 1. Let (Ω1,F1), (Ω2,F2) and (S, Σ) be three measurable
spaces, and f : (Ω1 × Ω2,F1 ⊗ F2) → (S, Σ) be a measurable map.
Given ω1 ∈ Ω1, define:

Γω1 �
= {E ⊆ Ω1 × Ω2 , Eω1 ∈ F2}

1. Show that for all ω1 ∈ Ω1, Γω1 is a σ-algebra on Ω1 × Ω2.

2. Show that for all ω1 ∈ Ω1, F1 �F2 ⊆ Γω1 .

3. Show that for all ω1 ∈ Ω1 and E ∈ F1 ⊗F2, we have Eω1 ∈ F2.

4. Given ω1 ∈ Ω1, show that ω → f(ω1, ω) is measurable.
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5. Show that θ : (Ω2 ×Ω1,F2 ⊗F1) → (Ω1 × Ω2,F1 ⊗F2) defined
by θ(ω2, ω1) = (ω1, ω2) is a measurable map.

6. Given ω2 ∈ Ω2, show that ω → f(ω, ω2) is measurable.

Theorem 29 Let (S, Σ), (Ω1,F1) and (Ω2,F2) be three measurable
spaces. Let f : (Ω1×Ω2,F1⊗F2) → (S, Σ) be a measurable map. For
all (ω1, ω2) ∈ Ω1 × Ω2, the map ω → f(ω1, ω) is measurable w.r. to
F2 and Σ, and ω → f(ω, ω2) is measurable w.r. to F1 and Σ.

Exercise 2. Let (Ωi,Fi)i∈I be a family of measurable spaces with
cardI ≥ 2. Let f : (Πi∈IΩi,⊗i∈IFi) → (E,B(E)) be a measurable
map, where (E, d) is a metric space. Let i1 ∈ I. Put E1 = Ωi1 ,
E1 = Fi1 , E2 = Πi∈I\{i1}Ωi, E2 = ⊗i∈I\{i1}Fi.

1. Explain why f can be viewed as a map defined on E1 × E2.

2. Show that f : (E1 × E2, E1 ⊗ E2) → (E,B(E)) is measurable.
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3. For all ωi1 ∈ Ωi1 , show that the map ω → f(ωi1 , ω) defined on
Πi∈I\{i1}Ωi is measurable w.r. to ⊗i∈I\{i1}Fi and B(E).

Definition 60 Let (Ω,F , μ) be a measure space. (Ω,F , μ) is said to
be a finite measure space, or we say that μ is a finite measure,
if and only if μ(Ω) < +∞.

Definition 61 Let (Ω,F , μ) be a measure space. (Ω,F , μ) is said
to be a σ-finite measure space, or μ a σ-finite measure, if and
only if there exists a sequence (Ωn)n≥1 in F such that Ωn ↑ Ω and
μ(Ωn) < +∞, for all n ≥ 1.

Exercise 3. Let (Ω,F , μ) be a measure space.

1. Show that (Ω,F , μ) is σ-finite if and only if there exists a se-
quence (Ωn)n≥1 in F such that Ω = 
+∞

n=1Ωn, and μ(Ωn) < +∞
for all n ≥ 1.
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2. Show that if (Ω,F , μ) is finite, then μ has values in R+.

3. Show that if (Ω,F , μ) is finite, then it is σ-finite.

4. Let F : R → R be a right-continuous, non-decreasing map.
Show that the measure space (R,B(R), dF ) is σ-finite, where
dF is the Stieltjes measure associated with F .

Exercise 4. Let (Ω1,F1) be a measurable space, and (Ω2,F2, μ2) be
a σ-finite measure space. For all E ∈ F1 ⊗F2 and ω1 ∈ Ω1, define:

ΦE(ω1)
�
=

∫
Ω2

1E(ω1, x)dμ2(x)

Let D be the set of subsets of Ω1 × Ω2, defined by:

D �
= {E ∈ F1 ⊗F2 : ΦE : (Ω1,F1) → (R̄,B(R̄)) is measurable}

1. Explain why for all E ∈ F1 ⊗F2, the map ΦE is well defined.
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2. Show that F1 � F2 ⊆ D.

3. Show that if μ2 is finite, A, B ∈ D and A ⊆ B, then B \A ∈ D.

4. Show that if En ∈ F1 ⊗F2, n ≥ 1 and En ↑ E, then ΦEn ↑ ΦE .

5. Show that if μ2 is finite then D is a Dynkin system on Ω1 ×Ω2.

6. Show that if μ2 is finite, then the map ΦE : (Ω1,F1)→(R̄,B(R̄))
is measurable, for all E ∈ F1 ⊗F2.

7. Let (Ωn
2 )n≥1 in F2 be such that Ωn

2 ↑ Ω2 and μ2(Ωn
2 ) < +∞.

Define μn
2 = μ

Ωn
2

2 = μ2(• ∩ Ωn
2 ). For E ∈ F1 ⊗F2, we put:

Φn
E(ω1)

�
=

∫
Ω2

1E(ω1, x)dμn
2 (x)

Show that Φn
E : (Ω1,F1) → (R̄,B(R̄)) is measurable, and:

Φn
E(ω1) =

∫
Ω2

1Ωn
2
(x)1E(ω1, x)dμ2(x)
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Deduce that Φn
E ↑ ΦE .

8. Show that the map ΦE : (Ω1,F1) → (R̄,B(R̄)) is measurable,
for all E ∈ F1 ⊗F2.

9. Let s be a simple function on (Ω1 × Ω2,F1 ⊗ F2). Show that
the map ω → ∫

Ω2
s(ω, x)dμ2(x) is well defined and measurable

with respect to F1 and B(R̄).

10. Show the following theorem:

Theorem 30 Let (Ω1,F1) be a measurable space, and (Ω2,F2, μ2)
be a σ-finite measure space. Then for all non-negative and measurable
map f : (Ω1 × Ω2,F1 ⊗F2) → [0, +∞], the map:

ω →
∫

Ω2

f(ω, x)dμ2(x)

is measurable with respect to F1 and B(R̄).
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Exercise 5. Let (Ωi,Fi)i∈I be a family of measurable spaces, with
cardI ≥ 2. Let i0 ∈ I, and suppose that μ0 is a σ-finite measure
on (Ωi0 ,Fi0). Show that if f : (Πi∈IΩi,⊗i∈IFi) → [0, +∞] is a non-
negative and measurable map, then:

ω →
∫

Ωi0

f(ω, x)dμ0(x)

defined on Πi∈I\{i0}Ωi, is measurable w.r. to ⊗i∈I\{i0}Fi and B(R̄).

Exercise 6. Let (Ω1,F1, μ1) and (Ω2,F2, μ2) be two σ-finite measure
spaces. For all E ∈ F1 ⊗F2, we define:

μ1 ⊗ μ2(E)
�
=

∫
Ω1

(∫
Ω2

1E(x, y)dμ2(y)
)

dμ1(x)

1. Explain why μ1 ⊗ μ2 : F1 ⊗F2 → [0, +∞] is well defined.

2. Show that μ1 ⊗ μ2 is a measure on F1 ⊗F2.
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3. Show that if A × B ∈ F1 � F2, then:

μ1 ⊗ μ2(A × B) = μ1(A)μ2(B)

Exercise 7. Further to ex. (6), suppose that μ : F1 ⊗F2 → [0, +∞]
is another measure on F1 ⊗ F2 with μ(A × B) = μ1(A)μ2(B), for all
measurable rectangle A× B. Let (Ωn

1 )n≥1 and (Ωn
2 )n≥1 be sequences

in F1 and F2 respectively, such that Ωn
1 ↑ Ω1, Ωn

2 ↑ Ω2, μ1(Ωn
1 ) < +∞

and μ2(Ωn
2 ) < +∞. Define, for all n ≥ 1:

Dn
�
= {E ∈ F1 ⊗F2 : μ(E ∩ (Ωn

1 × Ωn
2 )) = μ1 ⊗ μ2(E ∩ (Ωn

1 × Ωn
2 ))}

1. Show that for all n ≥ 1, F1 � F2 ⊆ Dn.

2. Show that for all n ≥ 1, Dn is a Dynkin system on Ω1 × Ω2.

3. Show that μ = μ1 ⊗ μ2.

4. Show that (Ω1×Ω2,F1⊗F2, μ1⊗μ2) is a σ-finite measure space.
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5. Show that for all E ∈ F1 ⊗F2, we have:

μ1 ⊗ μ2(E) =
∫

Ω2

(∫
Ω1

1E(x, y)dμ1(x)
)

dμ2(y)

Exercise 8. Let (Ω1,F1, μ1), . . . , (Ωn,Fn, μn) be n σ-finite measure
spaces, n ≥ 2. Let i0 ∈ {1, . . . , n} and put E1 = Ωi0 , E2 = Πi�=i0Ωi,
E1 = Fi0 and E2 = ⊗i�=i0Fi. Put ν1 = μi0 , and suppose that ν2 is
a σ-finite measure on (E2, E2) such that for all measurable rectangle
Πi�=i0Ai ∈ �i�=i0Fi, we have ν2 (Πi�=i0Ai) = Πi�=i0μi(Ai).

1. Show that ν1 ⊗ ν2 is a σ-finite measure on the measure space
(Ω1 × . . . × Ωn,F1 ⊗ . . . ⊗ Fn) such that for all measurable
rectangles A1 × . . . × An, we have:

ν1 ⊗ ν2(A1 × . . . × An) = μ1(A1) . . . μn(An)

2. Show by induction the existence of a measure μ on F1⊗. . .⊗Fn,
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such that for all measurable rectangles A1 × . . . × An, we have:

μ(A1 × . . . × An) = μ1(A1) . . . μn(An)

3. Show the uniqueness of such measure, denoted μ1 ⊗ . . . ⊗ μn.

4. Show that μ1 ⊗ . . . ⊗ μn is σ-finite.

5. Let i0 ∈ {1, . . . , n}. Show that μi0 ⊗ (⊗i�=i0μi) = μ1 ⊗ . . .⊗ μn.

Definition 62 Let (Ω1,F1, μ1), . . . , (Ωn,Fn, μn) be n σ-finite mea-
sure spaces, with n ≥ 2. We call product measure of μ1, . . . , μn,
the unique measure on F1⊗ . . .⊗Fn, denoted μ1⊗ . . .⊗μn, such that
for all measurable rectangles A1 × . . .×An in F1 � . . .�Fn, we have:

μ1 ⊗ . . . ⊗ μn(A1 × . . . × An) = μ1(A1) . . . μn(An)

This measure is itself σ-finite.
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Exercise 9. Prove that the following definition is legitimate:

Definition 63 We call Lebesgue measure in Rn, n ≥ 1, the
unique measure on (Rn,B(Rn)), denoted dx, dxn or dx1 . . . dxn, such
that for all ai ≤ bi, i = 1, . . . , n, we have:

dx([a1, b1] × . . . × [an, bn]) =
n∏

i=1

(bi − ai)

Exercise 10.

1. Show that (Rn,B(Rn), dxn) is a σ-finite measure space.

2. For n, p ≥ 1, show that dxn+p = dxn ⊗ dxp.

Exercise 11. Let (Ω1,F1, μ1) and (Ω2,F2, μ2) be σ-finite.
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1. Let s be a simple function on (Ω1 × Ω2,F1 ⊗F2). Show that:∫
Ω1×Ω2

sdμ1 ⊗ μ2 =
∫

Ω1

(∫
Ω2

sdμ2

)
dμ1 =

∫
Ω2

(∫
Ω1

sdμ1

)
dμ2

2. Show the following:

Theorem 31 (Fubini) Let (Ω1,F1, μ1) and (Ω2,F2, μ2) be two σ-
finite measure spaces. Let f : (Ω1 × Ω2,F1 ⊗ F2) → [0, +∞] be a
non-negative and measurable map. Then:∫

Ω1×Ω2

fdμ1 ⊗ μ2 =
∫

Ω1

(∫
Ω2

fdμ2

)
dμ1 =

∫
Ω2

(∫
Ω1

fdμ1

)
dμ2

Exercise 12. Let (Ω1,F1, μ1), . . . , (Ωn,Fn, μn) be n σ-finite measure
spaces, n ≥ 2. Let f : (Ω1 × . . . × Ωn,F1 ⊗ . . . ⊗Fn) → [0, +∞] be a
non-negative, measurable map. Let σ be a permutation of Nn, i.e. a
bijection from Nn to itself.
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1. For all ω ∈ Πi�=σ(1)Ωi, define:

J1(ω)
�
=

∫
Ωσ(1)

f(ω, x)dμσ(1)(x)

Explain why J1 : (Πi�=σ(1)Ωi,⊗i�=σ(1)Fi) → [0, +∞] is a well
defined, non-negative and measurable map.

2. Suppose Jk : (Πi�∈{σ(1),...,σ(k)}Ωi,⊗i�∈{σ(1),...,σ(k)}Fi) → [0, +∞]
is a non-negative, measurable map, for 1 ≤ k < n − 2. Define:

Jk+1(ω)
�
=

∫
Ωσ(k+1)

Jk(ω, x)dμσ(k+1)(x)

and show that:

Jk+1 : (Πi�∈{σ(1),...,σ(k+1)}Ωi,⊗i�∈{σ(1),...,σ(k+1)}Fi) → [0, +∞]

is also well-defined, non-negative and measurable.
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3. Propose a rigorous definition for the following notation:∫
Ωσ(n)

. . .

∫
Ωσ(1)

fdμσ(1) . . . dμσ(n)

Exercise 13. Further to ex. (12), Let (fp)p≥1 be a sequence of non-
negative and measurable maps:

fp : (Ω1 × . . . × Ωn,F1 ⊗ . . . ⊗Fn) → [0, +∞]

such that fp ↑ f . Define similarly:

Jp
1 (ω) �=

∫
Ωσ(1)

fp(ω, x)dμσ(1)(x)

Jp
k+1(ω)

�
=

∫
Ωσ(k+1)

Jp
k (ω, x)dμσ(k+1)(x) , 1 ≤ k < n − 2

1. Show that Jp
1 ↑ J1.

2. Show that if Jp
k ↑ Jk, then Jp

k+1 ↑ Jk+1, 1 ≤ k < n − 2.
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3. Show that:∫
Ωσ(n)

. . .

∫
Ωσ(1)

fpdμσ(1) . . . dμσ(n) ↑
∫

Ωσ(n)

. . .

∫
Ωσ(1)

fdμσ(1) . . . dμσ(n)

4. Show that the map μ : F1 ⊗ . . . ⊗Fn → [0, +∞], defined by:

μ(E) =
∫

Ωσ(n)

. . .

∫
Ωσ(1)

1Edμσ(1) . . . dμσ(n)

is a measure on F1 ⊗ . . . ⊗Fn.

5. Show that for all E ∈ F1 ⊗ . . . ⊗Fn, we have:

μ1 ⊗ . . . ⊗ μn(E) =
∫

Ωσ(n)

. . .

∫
Ωσ(1)

1Edμσ(1) . . . dμσ(n)

6. Show the following:
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Theorem 32 Let (Ω1,F1, μ1), . . . , (Ωn,Fn, μn) be n σ-finite mea-
sure spaces, with n ≥ 2. Let f : (Ω1×. . .×Ωn,F1⊗. . .⊗Fn) → [0, +∞]
be a non-negative and measurable map. let σ be a permutation of Nn.
Then:∫

Ω1×...×Ωn

fdμ1 ⊗ . . . ⊗ μn =
∫

Ωσ(n)

. . .

∫
Ωσ(1)

fdμσ(1) . . . dμσ(n)

Exercise 14. Let (Ω,F , μ) be a measure space. Define:

L1 �
= {f : Ω → R̄ , ∃g ∈ L1

R(Ω,F , μ) , f = g μ-a.s.}
1. Show that if f ∈ L1, then |f | < +∞, μ-a.s.

2. Suppose there exists A ⊆ Ω, such that A �∈ F and A ⊆ N for
some N ∈ F with μ(N) = 0. Show that 1A ∈ L1 and 1A is not
measurable with respect to F and B(R̄).

3. Explain why if f ∈ L1, the integrals
∫ |f |dμ and

∫
fdμ may not

be well defined.

www.probability.net

http://www.probability.net


Tutorial 7: Fubini Theorem 17

4. Suppose that f : (Ω,F) → (R̄,B(R̄)) is a measurable map with∫ |f |dμ < +∞. Show that f ∈ L1.

5. Show that if f ∈ L1 and f = f1 μ-a.s. then f1 ∈ L1.

6. Suppose that f ∈ L1 and g1, g2 ∈ L1
R(Ω,F , μ) are such that

f = g1 μ-a.s. and f = g2 μ-a.s.. Show that
∫

g1dμ =
∫

g2dμ.

7. Propose a definition of the integral
∫

fdμ for f ∈ L1 which
extends the integral defined on L1

R(Ω,F , μ).

Exercise 15. Further to ex. (14), Let (fn)n≥1 be a sequence in L1,
and f, h ∈ L1, with fn → f μ-a.s. and for all n ≥ 1, |fn| ≤ h μ-a.s..

1. Show the existence of N1 ∈ F , μ(N1) = 0, such that for all
ω ∈ N c

1 , fn(ω) → f(ω), and for all n ≥ 1, |fn(ω)| ≤ h(ω).

2. Show the existence of gn, g, h1 ∈ L1
R(Ω,F , μ) and N2 ∈ F ,

μ(N2) = 0, such that for all ω ∈ N c
2 , g(ω) = f(ω), h(ω) = h1(ω),

and for all n ≥ 1, gn(ω) = fn(ω).
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3. Show the existence of N ∈ F , μ(N) = 0, such that for all
ω ∈ N c, gn(ω) → g(ω), and for all n ≥ 1, |gn(ω)| ≤ h1(ω).

4. Show that the Dominated Convergence Theorem can be applied
to gn1Nc , g1Nc and h11Nc .

5. Recall the definition of
∫ |fn − f |dμ when f, fn ∈ L1.

6. Show that
∫ |fn − f |dμ → 0.

Exercise 16. Let (Ω1,F1, μ1) and (Ω2,F2, μ2) be two σ-finite mea-
sure spaces. Let f be an element of L1

R(Ω1 × Ω2,F1 ⊗ F2, μ1 ⊗ μ2).
Let θ : (Ω2 × Ω1,F2 ⊗F1) → (Ω1 × Ω2,F1 ⊗F2) be the map defined
by θ(ω2, ω1) = (ω1, ω2) for all (ω2, ω1) ∈ Ω2 × Ω1.

1. Let A = {ω1 ∈ Ω1 :
∫
Ω2

|f(ω1, x)|dμ2(x) < +∞}. Show that
A ∈ F1 and μ1(Ac) = 0.

2. Show that f(ω1, .) ∈ L1
R(Ω2,F2, μ2) for all ω1 ∈ A.
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3. Show that Ī(ω1) =
∫
Ω2

f(ω1, x)dμ2(x) is well defined for all
ω1 ∈ A. Let I be an arbitrary extension of Ī, on Ω1.

4. Define J = I1A. Show that:

J(ω) = 1A(ω)
∫

Ω2

f+(ω, x)dμ2(x) − 1A(ω)
∫

Ω2

f−(ω, x)dμ2(x)

5. Show that J is F1-measurable and R-valued.

6. Show that J ∈ L1
R(Ω1,F1, μ1) and that J = I μ1-a.s.

7. Propose a definition for the integral:∫
Ω1

(∫
Ω2

f(x, y)dμ2(y)
)

dμ1(x)

8. Show that
∫
Ω1

(1A

∫
Ω2

f+dμ2)dμ1 =
∫
Ω1×Ω2

f+dμ1 ⊗ μ2.
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9. Show that:∫
Ω1

(∫
Ω2

f(x, y)dμ2(y)
)

dμ1(x) =
∫

Ω1×Ω2

fdμ1 ⊗ μ2 (1)

10. Show that if f ∈ L1
C(Ω1 × Ω2,F1 ⊗F2, μ1 ⊗ μ2), then the map

ω1 → ∫
Ω2

f(ω1, y)dμ2(y) is μ1-almost surely equal to an element
of L1

C(Ω1,F1, μ1), and furthermore that (1) is still valid.

11. Show that if f : (Ω1 × Ω2,F1 ⊗ F2) → [0, +∞] is non-negative
and measurable, then f ◦θ is non-negative and measurable, and:∫

Ω2×Ω1

f ◦ θdμ2 ⊗ μ1 =
∫

Ω1×Ω2

fdμ1 ⊗ μ2

12. Show that if f ∈ L1
C(Ω1 × Ω2,F1 ⊗ F2, μ1 ⊗ μ2), then f ◦ θ is

an element of L1
C(Ω2 × Ω1,F2 ⊗F1, μ2 ⊗ μ1), and:∫

Ω2×Ω1

f ◦ θdμ2 ⊗ μ1 =
∫

Ω1×Ω2

fdμ1 ⊗ μ2
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13. Show that if f ∈ L1
C(Ω1 × Ω2,F1 ⊗F2, μ1 ⊗ μ2), then the map

ω2 → ∫
Ω1

f(x, ω2)dμ1(x) is μ2-almost surely equal to an element
of L1

C(Ω2,F2, μ2), and furthermore:∫
Ω2

(∫
Ω1

f(x, y)dμ1(x)
)

dμ2(y) =
∫

Ω1×Ω2

fdμ1 ⊗ μ2

Theorem 33 Let (Ω1,F1, μ1) and (Ω2,F2, μ2) be two σ-finite mea-
sure spaces. Let f ∈ L1

C(Ω1 × Ω2,F1 ⊗F2, μ1 ⊗ μ2). Then, the map:

ω1 →
∫

Ω2

f(ω1, x)dμ2(x)

is μ1-almost surely equal to an element of L1
C(Ω1,F1, μ1) and:∫

Ω1

(∫
Ω2

f(x, y)dμ2(y)
)

dμ1(x) =
∫

Ω1×Ω2

fdμ1 ⊗ μ2
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Furthermore, the map:

ω2 →
∫

Ω1

f(x, ω2)dμ1(x)

is μ2-almost surely equal to an element of L1
C(Ω2,F2, μ2) and:∫

Ω2

(∫
Ω1

f(x, y)dμ1(x)
)

dμ2(y) =
∫

Ω1×Ω2

fdμ1 ⊗ μ2

Exercise 17. Let (Ω1,F1, μ1),. . . ,(Ωn,Fn, μn) be n σ-finite measure
spaces, n ≥ 2. Let f ∈ L1

C(Ω1× . . .×Ωn,F1⊗ . . .⊗Fn, μ1⊗ . . .⊗μn).
Let σ be a permutation of Nn.

1. For all ω ∈ Πi�=σ(1)Ωi, define:

J1(ω)
�
=

∫
Ωσ(1)

f(ω, x)dμσ(1)(x)

Explain why J1 is well defined and equal to an element of
L1

C(Πi�=σ(1)Ωi,⊗i�=σ(1)Fi,⊗i�=σ(1)μi), ⊗i�=σ(1)μi-almost surely.
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2. Suppose 1 ≤ k < n− 2 and that J̄k is well defined and equal to
an element of:

L1
C(Πi�∈{σ(1),...,σ(k)}Ωi,⊗i�∈{σ(1),...,σ(k)}Fi,⊗i�∈{σ(1),...,σ(k)}μi)

⊗i�∈{σ(1),...,σ(k)}μi-almost surely. Define:

Jk+1(ω)
�
=

∫
Ωσ(k+1)

J̄k(ω, x)dμσ(k+1)(x)

What can you say about Jk+1.

3. Show that: ∫
Ωσ(n)

. . .

∫
Ωσ(1)

fdμσ(1) . . . dμσ(n)

is a well defined complex number. (Propose a definition for it).

4. Show that:∫
Ωσ(n)

. . .

∫
Ωσ(1)

fdμσ(1) . . . dμσ(n) =
∫

Ω1×...×Ωn

fdμ1 ⊗ . . . ⊗ μn
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