Tutorial 17: Image Measure 1

17. Image Measure

In the following, K denotes R or C. We denote M, (K), n > 1,
the set of all n x n-matrices with K-valued entries. We recall that
for all M = (m;;) € Mu(K), M is identified with the linear map
M : K" — K" uniquely determined by:

n
. A
Vj :1,...,1’L, Mej :Zmijei
i=1

i
. . . . A ~=
where (eq,...,e,) is the canonical basis of K", i.e. ¢; = (0,., 1,.,0).

EXERCISE 1. For all @ € K, let H, € M,,(K) be defined by:

www.probability.net


http://www.probability.net

Tutorial 17: Image Measure 2

ie. by Hoer = aer, Hyej = ¢j, for all j > 2. Note that H, is
obtained from the identity matrix, by multiplying the top left entry
by a. For k,l € {1,...,n}, we define the matrix Xy, € M, (K) by
Yrer = e;, Ype; = e and Yre; = ej, for all j € {1, . ..,n} \ {k,l}
Note that Xj; is obtained from the identity matrix, by interchanging
column k and column [. If n > 2, we define the matrix U € M, (K)
by:

1 0

1 1 0

[1>
o

1

i.e. by Uey = ey +e2, Ue; = ¢ for all 7 > 2. Note that the matrix U
is obtained from the identity matrix, by adding column 2 to column 1.
Ifn=1,weput U=1 We define N;,(K) ={Hy: a € K} U{Z :
k,l=1,...,n}U{U}, and M/ (K) to be the set of all finite products
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of elements of N, (K):
M(K) E{MEM(K):M =Q1....Qp, p>1, Q; € No(K) , Vi}
We shall prove that M,,(K) = M/ (K).
1. Show that if « € K\ {0}, H, is non-singular with H;' = Hy ,
2. Show that if k&, = 1,...,7n, ¥ is non-singular with ¥, = 3y;.

3. Show that U is non-singular, and that for n > 2:
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4. Let M = (m;;) € My, (K). Let Ry, ..., R, be the rows of M:

Ry
Ry

>

R,
Show that for all o € K:

Conclude that multiplying M by H, from the left, amounts to
multiplying the first row of M by c.

5. Show that multiplying M by H, from the right, amounts to
multiplying the first column of M by c.
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6.

10.

Show that multiplying M by Xy, from the left, amounts to in-
terchanging the rows R; and Ry.

Show that multiplying M by Xy from the right, amounts to
interchanging the columns C; and Cy.

. Show that multiplying M by U~ from the left (n > 2), amounts

to subtracting Ry from Ra, i.e.:

R R
oo | B2 Ry — Ry
R, R,

. Show that multiplying M by U~Y from the right (for n > 2),

amounts to subtracting Cy from CY.

Define U’ = %15.U 1.5, (n > 2). Show that multiplying M
by U’ from the right, amounts to subtracting C; from Cs.
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11. Show that if n = 1, then indeed we have M;(K) = M/ (K).

EXERCISE 2. Further to exercise (1), we now assume that n > 2, and
make the induction hypothesis that M,,_1(K) = M/, _, (K).

n—1

1. Let O,, € M,,(K) be the matrix with all entries equal to zero.
Show the existence of Q1,...,Q;, € N,—1(K), p > 1, such that:

On_1=0Q..... Q,
2. For k=1,...,p, we define Q; € M, (K), by:
0
Or 2 Q% :
0
0 0 1
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Show that Q) € N,,(K), and that we have:
1 0 ... 0

Eln.Ql ..... Q,,.Eln =

3. Conclude that O,, € M/, (K).

4. We now consider M = (m;;) € M,(K), M # O,. We want to
show that M € M/ (K). Show that for some k,l € {1,...,n}:

1 % ... x
. *
H;M.Elk.M.Eu =
*
*

5. Show that if H,! .31x.M.Xy; € M, (K), then M € M/, (K).

Ml
Conclude that without loss of generality, in order to prove that
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M lies in M/ (K) we can assume that mq; = 1.

6. Let i = 2,...,n. Show that if m;; # 0, we have:

1+ .0 o«
H,! o U 'S0 HOE M= "

1/mix 0 «—i =

*

7. Conclude that without loss of generality, we can assume that
m41 = 0 for all ¢ > 2, i.e. that M is of the form:

1 % ... =

8. Show that in order to prove that M € M/ (K), without loss of
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generality, we can assume that M is of the form:

10 ... 0

0
M f—

: M’

0

9. Prove that M € M/ (K) and conclude with the following:

Theorem 103 Given n > 2, any n X n-matriz with values in K is
a finite product of matrices Q of the following types:

(7) Qer=ae1, Qej=¢; ,¥i=2,...,n, (0 € K)
(i) Qer=er, Qex=e,, Qej=e; , Vj#kll, (k1 €N,)
(ii7) Qer=er+e, Qej=¢; ,Vj=2,....n

where (e1,...,e,) is the canonical basis of K.
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Definition 123 Let X : (Q,F) — (', F) be a measurable map,
where (0, F) and (Q', F') are two measurable spaces. Let u be a (pos-
sibly complex) measure on (Q,F). Then, we call distribution of X
under p, or image measure of u by X, or even law of X under
w, the (possibly complex) measure on (', F'), denoted u~, X (u) or
L,(X), and defined by:

vB e F , X (B) £ u({X € B}) = u(X}(B))

EXERCISE 3. Let X : (Q,F) — (', F') be a measurable map, where
(2, F) and (Q', F') are two measurable spaces.

1. Let B € F'. Show that if (B,),>1 is a measurable partition of
B, then (X ~Y(B,,))n>1 is a measurable partition of X ~1(B).

2. Show that if y is a measure on (2, F), puX is a well-defined
measure on (€', F').

X

3. Show that if p is a complex measure on (2, F), u* is a well-

defined complex measure on (€', F7).
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4. Show that if ;1 is a complex measure on (Q, F), then |pX| < |u|*.

5. Let Y : (', F) — (Q",F") be a measurable map, where
(Q", F") is another measurable space. Show that for all (possi-
bly complex) measure p on (€2, F), we have:

Y (X () = (Y o X)(p) = ()Y = p¥eX

Definition 124 Let p be a (possibly complex) measure on R™, n > 1.
We say that p is invariant by translation, if and only if 7o(1) = p
for all a € R™, where 7, : R" — R" 1is the translation mapping
defined by 1,(x) = a + x, for all x € R™.

EXERCISE 4. Let p be a (possibly complex) measure on (R™, B(R")).

1. Show that 7, : (R™, B(R")) — (R", B(R")) is measurable.
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2. Show 7, () is therefore a well-defined (possibly complex) mea-
sure on (R™, B(R")), for all « € R™.

3. Show that 7,(dz) = dx for all a € R™.

4. Show the Lebesgue measure on R™ is invariant by translation.
EXERCISE 5. Let ko : R™ — R"™ be defined by k. (z) = az, a > 0.
1. Show that k. : (R™, B(R")) — (R™, B(R"™)) is measurable.

2. Show that k,(dx) = a™™dx.

EXERCISE 6. Show the following:
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Theorem 104 (Integral Projection 1) Let X:(Q,F) — (', F)
be a measurable map, where (0, F), (', F') are measurable spaces.
Let i be a measure on (2, F). Then, for all f: (', F") — [0, +]
non-negative and measurable, we have:

[ roxau= [ raxq

EXERCISE 7. Show the following:

Theorem 105 (Integral Projection 2) Let X:(Q,F) — (Q,F)
be a measurable map, where (0, F), (Q',F') are measurable spaces.
Let pi be a measure on (Q, F). Then, for all f: (Q,F') — (C,B(C))
measurable, we have the equivalence:

foX eL(Q,F, ) & feLg(Q,F X ()

in which case, we have:

/Qfonu - /Q fdX (p)
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EXERCISE 8. Further to theorem (105), suppose p is in fact a complex
measure on (§2, F). Show that:

FlIX ()] < / 1 o X|dlyl (1)
Q Q
Conclude with the following:

Theorem 106 (Integral Projection 3) Let X:(Q,F) — (', F)
be a measurable map, where (Q, F), (', F') are measurable spaces.

Let p be a complex measure on (2, F). Then, for all measurable maps
f:(Q,F) — (C,B(C)), we have:

foX €Lg(QF,u) = feLo@,F X(w)
and when the left-hand side of this implication is satisfied:

[ roxdu= [ sax)
Q Q

EXERCISE 9. Let X : (Q,F) — (R, B(R)) be a measurable map with
distribution g = X (P), where (2, F, P) is a probability space.
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1. Show that X is integrable, i.e. [|X|dP < +oo, if and only if:
+oo

/ |z|dp(r) < o0

2. Show that if X is integrable, then:
“+o0

BIX) = [ wdula)

3. Show that:

E[X? = /+0<> 2 dp(z)

— 00

EXERCISE 10. Let p be alocally finite measure on (R™, B(R™)), which
is invariant by translation. For alla = (ay,...,a,) € (RT)", we define
Qa =1[0,a1[x ... x [0,a,[, and in particular @ = Q... 1) = [0, 1[".

1. Show that u(Q,) < +oo for all a € (R*)", and u(Q) < +oo.
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2. Let p = (p1,...,pn) where p; > 1 is an integer for all i’s. Show:

Qp = H‘J (o1, by + 1o x [k, ke + 1]
ke N"
0<Fk <ps

3. Show that u(Qp) = p1...pap(Q).
4. Let q1,...,q, > 1 be n positive integers. Show that:
klpl (kl + 1)]71 knpn (kn + 1)pn
Q= W = —=x... x| , [

ke N® q1 q1 qn qn
0<ki<gqg

5. Show that 1(Qp) = q1 - @i (Qpy Jqr,....pm Jan))
6. Show that u(Q,) =71 ...r,u(Q), for all r € (Q1)™.

7. Show that u(Qq) = a1 ...a,u(Q), for all a € (R*)™.
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8. Show that u(B) = pu(Q)dz(B), for all B € C, where:
C 2 {[ar,bi[X ... X [an,bn] , ai,b; €ER , a; <b; , Vi € N"}
9. Show that B(R™) = o(C).
10. Show that pu = u(Q)dz, and conclude with the following:

Theorem 107 Let v be a locally finite measure on (R™, B(R™)). If
1 is invariant by translation, then there exists o € RV such that:

uw= adx

EXERCISE 11. Let T : R™ — R™ be a linear bijection.

1. Show that 7" and 7! are continuous.
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2. Show that for all B C R™, the inverse image T~!(B) = {T € B}
coincides with the direct image:

T-YB) & {y: y=T"'(x) for some z € B}

3. Show that for all B C R", the direct image T'(B) coincides with
the inverse image (T~')~Y(B) = {T~! € B}.

4. Let K C R"™ be compact. Show that {T" € K} is compact.

5. Show that T'(dz) is a locally finite measure on (R", B(R")).

6. Let 7, be the translation of vector a € R"™. Show that:
Torp-1(y)=Ta0T

7. Show that T'(dx) is invariant by translation.

8. Show the existence of @ € R, such that 7'(dz) = adz. Show
that such constant is unique, and denote it by A(T).

www.probability.net


http://www.probability.net

Tutorial 17: Image Measure 19

9. Show that @ = T'([0,1]™) € B(R"™) and that we have:
A(T)dz(Q) = T(dx)(Q) = 1
10. Show that A(T") # 0.

11. Let 71,75 : R™ — R™ be two linear bijections. Show that:
(Tl o Tg)(dﬂj) = A(Tl)A(TQ)dZ'
and conclude that A(Ty o Tp) = A(T1)A(T3).

EXERCISE 12. Let o € R\ {0}. Let H, : R® — R" be the linear
bijection uniquely defined by Hn(e1) = aer, Ho(ej) = e; for j > 2.

1. Show that H, (dz)([0,1]") = |a|~t.
2. Conclude that A(H,) = |det H, |7t
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EXERCISE 13. Let k,l € Njyand X : R™ — R" be the linear bijection
uniquely defined by X(ex) = e;, X(e;) = ex, X(ej) = e;, for j # k, 1.

1. Show that X(dz)([0,1]") = 1.

2. Show that ¥.3 = I,,. (Identity mapping on R"™).
3. Show that |det X| = 1.

4. Conclude that A(Y) = |det 3|1,

EXERCISE 14. Let n > 2 and U : R" — R” be the linear bijection
uniquely defined by U(e1) = e1 + ez and U(e;) = e; for j > 2. Let
Q=1[0,1]".
1. Show that:
U NQ)={zcR": 0<a1+a2<1,0<a;,<1,Vi#2}
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2. Define:
N U Q) n{zeR": x3 >0}
Qs U Qn{zeR": 3 <0}
Show that €, € B(R").

e e

3. Let 7., be the translation of vector ea. Draw a picture of @, 1,
Qo and 7, (22) in the case when n = 2.

4. Show that if x € , then 0 < x5 < 1.

5. Show that ; C Q.

Show that if x € 7¢,(€Q2), then 0 < x5 < 1.
Show that 7., (Q2) C Q.

Show that if z € Q and x1 4+ 22 < 1 then z € Q5.

© 0 N @

Show that if x € @ and z1 + x2 > 1 then x € 7, (Q2).
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10. Show that if z € 7., () then 1 + x2 > 1.
11. Show that 7, (Q2) N Q; = 0.

12. Show that Q = Q; W 7, ().

13. Show that dz(Q) = dz(U~1(Q)).

14. Show that A(U) = 1.

15. Show that A(U) = |det U| 1.

EXERCISE 15. Let T': R™ — R™ be a linear bijection, (n > 1).

1. Show the existence of linear bijections @1,...,Q, : R" — R",
p>1,withT = Qq0...0Q,, A(Q;) = |det Q;| ! for alli € N,,.

2. Show that A(T) = |det T|~L.

3. Conclude with the following:
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Theorem 108 Letn > 1 and T : R™ — R™ be a linear bijection.
Then, the image measure T'(dx) of the Lebesgue measure on R™ is:

T(dr) = |det T| 'dx

EXERCISE 16. Let f: (R?,B(R?)) — [0, +0oc] be a non-negative and
measurable map. Let a,b,¢,d € R such that ad — bc # 0. Show that:

flaz + by, cx + dy)dxdy = |ad — be| ™ / fx,y)dzdy
R2 R2

EXERCISE 17. Let T : R — R" be a linear bijection. Show that for
all B € B(R"), we have T(B) € B(R™) and:

dz(T(B)) = | det T|dz(B)

EXERCISE 18. Let V be a linear subspace of R™ and p = dim V. We
assume that 1 <p <n—1. Let uy,...,u, be an orthonormal basis of
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V, and upy1,...,u, be such that uy,...,u, is an orthonormal basis
of R™. For i € Ny, Let ¢; : R™ — R be defined by ¢;(z) = (u;, z).

1.
2.
3.

Show that all ¢;’s are continuous.

Show that V = (/_,,, ¢; ' ({0}).
Show that V is a closed subset of R™.

. Let Q@ = (gij) € Myn(R) be the matrix uniquely defined by

Qe; = u; for all j € N, where (e1,...,e,) is the canonical
basis of R™. Show that for all 4,5 € N,,

uzauj Z(szqu

. Show that Q'.Q = I,, and conclude that |det Q| = 1.
. Show that dz({Q € V}) = dz(V).
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7. Show that {Q € V} = span(ey,...,ep).!

8. For all m > 1, we define:

n—1

E, 2

Show that dz(E,,) =0 for all m > 1.

[-m,m] x ... x [-m,m] x{0}

9. Show that dz(span(es,...,ep—1)) =0.

10. Conclude with the following:

Theorem 109 Let n > 1. Any linear subspace V' of R™ is a closed
subset of R™. Moreover, if dimV <mn — 1, then dz(V) = 0.

Hi.e. the linear subspace of R™ generated by eq, ... ,€ep.
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