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12. Radon-Nikodym Theorem

In the following, (2, F) is an arbitrary measurable space.

Definition 96 Let p and v be two (possibly complex) measures on
(Q,F). We say that v is absolutely continuous with respect to p,
and we write v << p, if and only if, for all E € F:

wE)=0 = v(E)=0
EXERCISE 1. Let p be a measure on (Q,F) and v € M*(Q, F). Show
that v << p is equivalent to |v| << p.

EXERCISE 2. Let p be a measure on (Q,F) and v € M*(Q, F). Let
€ > 0. Suppose there exists a sequence (E,),>1 in F such that:

1
Yn>1, wE,) < on v(E,)| > €
Define: A
EélimsupEn = ﬂ U Ey,
n>1 n>1k>n
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1. Show that:

pwE)= lim pu| | JE|=0

n—-+4oo
k>n

2. Show that:

frng 1 >
MAE) = Jim 1 | U B ¢

3. Let A be a measure on (2, F). Can we conclude in general that:

AE)= lim \| | Ex

n—-+oo
k>n

4. Prove the following:
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Theorem 58 Let 1 be a measure on (2, F) and v be a complex
measure on (Q, F). The following are equivalent:

(1) v<<
(@) <<y
(vit) Ve> 0,30 >0,VE € F,u(E) <0 = |v(E)| <e

EXERCISE 3. Let u be a measure on (2, F) and v € M1(£, F) such
that v << p. Let vy = Re(v) and vo = Im(v).
1. Show that 11 << p and e << p.

2. Show that v;, v, vy, vy are absolutely continuous w.r. to .

EXERCISE 4. Let u be a finite measure on (2, F) and f € L5(Q, F, ).
Let S be a closed proper subset of C. We assume that for all £ € F
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such that p(E) > 0, we have:
L / fdu € S
WE) Jg
1. Show there is a sequence (D,,),>1 of closed discs in C, with:
+00
S¢=|J Dn
n=1
Let o, € C, 1, > 0 be such that D, = {z € C: |z—ap| < ry}.

2. Suppose p(E,) > 0 for some n > 1, where E, = {f € D,}.

Show that:
7 ),
_ fdu—ang—/ f—anldu <ry
‘N(En) B 1(En) En‘ |

3. Show that for all n > 1, u({f € D,}) = 0.

1

4. Prove the following:
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Theorem 59 Let u be a finite measure on (Q,F), f € L§(Q,F, p).
Let S be a closed subset of C such that for oll E € F with u(E) > 0,
we have:

7,
— dp € S
u(E) Ef :
Then, f € S p-a.s.

EXERCISE 5. Let p be a o-finite measure on (2, F). Let (E,)n>1 be
a sequence in F such that E, T Q and pu(E,) < +oo for all n > 1.
Define w : (Q,F) — (R, B(R)) as:

A+OC 1 1
w=y ——— 1
nz::l 20 1+ p(E,)

1. Show that for all w € Q, 0 < w(w) < 1.

2. Show that w € Lk (Q, F, p).
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EXERCISE 6. Let 1 be a o-finite measure on (2, F) and v be a finite
measure on (£, F), such that v << u. Let w € L (Q,F, 1) be such
that 0 < w < 1. We define i = [ wdy, i.e.

VE € F, ﬁ(E)é/wdu
E

1. Show that fi is a finite measure on (2, F).
2. Show that ¢ = v+ [i is also a finite measure on (€2, F).

3. Show that for all f € L5(Q,F,¢), we have f € L5(Q, F,v),
fw € LE(Q, F,p), and:

[ o= [ gavs [ fuds
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4. Show that for all f € LL(Q,F, ), we have:

[1s1av < [ 1516 < (/f| d¢>) (b))}

5. Show that L%,(Q, F,¢) C L§(Q, F,v), and for f € LL(Q,F, ¢):
[ 5] < V@i
6. Show the existence of g € LE(2, F, ¢) such that:

Ve LA, F,6) / fdv = / fgds (1)

7. Show that for all E € F such that ¢(E) > 0, we have:
1

M/EQCM € [0,1]
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8. Show the existence of g € L%(€2,F,¢) such that g(w) € [0,1]
for all w € 2, and (1) still holds.

9. Show that for all f € LL(Q,F, ¢), we have:

/f l—g dv—/fgwdu

10. Show that for alln > 1 and F € F,
FE@A+g+.. +g")p € LE(QF,9)

11. Show that for alln > 1 and F € F,

/(1—g"+1)du:/g(l—i—g—i—...—i—g")wdu
E E

A = n
h = gw Zg
n=0

12. Define:
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Show that if A= {0 < g < 1}, then for all E € F:

v(ENA)= /Ehdu

13. Show that {h = +o00} = A° and conclude that p(A°) = 0.
14. Show that for all E € F, we have v(E) = [, hdpu.

15. Show that if p is o-finite on (2, F), and v is a finite measure
on (£, F) such that v << p, there exists h € L (€2, F, i), such
that A > 0 and:

VE € F, V(E)z/hdu
B

16. Prove the following:

www.probability.net


http://www.probability.net

Tutorial 12: Radon-Nikodym Theorem 10
Theorem 60 (Radon-Nikodym:1) Let i be a o-finite measure on
(Q,F). Let v be a complex measure on (2, F) such that v << p.
Then, there exists some h € L§(Q, F, 1) such that:
VE € F, V(E)z/hdu
E

If v is a signed measure on (0, F), we can assume h € L (0, F, u).
If v is a finite measure on (2, F), we can assume h > 0.

EXERCISE 7. Let f = u +iv € L&(Q, F, u), such that:

VE e F, /fdu:O
E

where p is a measure on (2, F).

/u+du :/ udp
{u=0}

1. Show that:
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2. Show that f =0 p-a.s.

3. State and prove some uniqueness property in theorem (60).

EXERCISE 8. Let p and v be two o-finite measures on (2, F) such
that v << p. Let (E,)n>1 be a sequence in F such that E, 7 © and
v(Ey,) < 4oo for all n > 1. We define:

Yn>1, VnéVE"éV(Enﬁ~)

1. Show that there exists h,, € L (Q, F, ) with h,, > 0 and:

VE € F, v,(E) :/ hndp (2)
E
for all n > 1.

2. Show that for all £ € F,

/ hdp < / hdp
E E
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3.

10.

Show that for all n,p > 1,
1
1({hn — hny1 > ;}) =0

Show that h, < hpy1 p-a.s.

. Show the existence of a sequence (hy)n>1 in Li(Q, F, ) such

that 0 < h,, < hy41 for all n > 1 and with (2) still holding.

. Let h = sup,,> hy,. Show that:

VEEF , v(E)= [Ehdu (3)

. Show that for all n > 1, fEn hdp < +oo.
. Show that h < 400 p-a.s.
. Show there exists h : (2, F) — R measurable, while (3) holds.

Show that for all n > 1, h € L (Q, F, uf).
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Theorem 61 (Radon-Nikodym:2) Let p and v be two o-finite

measures on (2, F) such that v << u. There exists a measurable
map h: (Q,F) — (R, B(R")) such that:

VE €T, I/(E):/hdu
E

EXERCISE 9. Let h,h' : (Q,F) — [0,400] be two non-negative and
measurable maps. Let p be a o-finite measure on (€2, 7). We assume:

VE e F, /hd,uz/h’du
E E

Let (E,)n>1 be a sequence in F with E, T Q and p(E,) < +oo for
all n > 1. We define F,, = E, N{h <n} for all n > 1.

1. Show that for all n and E € F, [, hdp®™ = [, h'dp*™ < +oc.
2. Show that for all n,p > 1, u(F, Nn{h > h'+1/p}) =0.
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3. Show that for all n > 1, u({F, N{h #K'}) = 0.
4. Show that p({h # h'} N {h < 4o00}) = 0.
5. Show that h = b’ p-a.s.

6. State and prove some uniqueness property in theorem (61).

ExERCISE 10. Take Q = {x} and F = P(Q) = {0, {}}. Let p be
the measure on (2, F) defined by u(@) = 0 and u({*

h,h' : (Q,F) — [0,400] be defined by h(x) =1

that we have:

VE € F, /hd,u:/h’du
E E

Explain why this does not contradict the previous exercise.

EXERCISE 11. Let p be a complex measure on (9, F).

1. Show that u << |ul.
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2. Show the existence of some h € L§(Q, F,|u|) such that:

VE € F, u(E) = [ hd
E

3. If p1 is a signed measure, can we assume h € L (0, F, |u|)?

EXERCISE 12. Further to ex. (11), define A, = {|h| < r} for all > 0.

1. Show that for all measurable partition (Ej,)n>1 of A,:

Zlu )| < rlul(Ar)

2. Show that |u|(A4,) =0 for all 0 < r < 1.
3. Show that |h| > 1 |ul-a.s.
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4. Suppose that E € F is such that |u|(E) > 0. Show that:

gy [l <1

5. Show that |h| <1 |ul|-a.s.

6. Prove the following:

Theorem 62 For all complex measure p on (2, F), there exists h
belonging to L&(Q, F, |u|) such that |h| =1 and:

VEEF  u(E)= [ hdlu
E

If w is a signed measure on (2, F), we can assume h € L (2, F, |pul).

EXERCISE 13. Let A € F, and (A,)n>1 be a sequence in F.
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1. Show that if A, T A then 14, T 14.

2. Show that if A, | Athen 14, | 14.

3. Show that if 14, — 14, then for all p € M*(Q, F):
p(A) = lim  p(An)

EXERCISE 14. Let p be a measure on (2, F) and f € LE(Q, F, p).
1. Show that v = [ fdu € M'(Q, F).

2. Let h € L5(Q2, F,|v]) be such that |h| = 1 and v = [ hd|v|.
Show that for all £, F € F:

E E
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3. Show thatif g : (2, F) — (C,B(C)) is bounded and measurable:
VE e F /fgdu:/ hgd|v|
E E

4. Show that:
VEeF, [v|[(E /fhd,u

5. Show that for all £ € F,
[ retianz0 . [ 1m(siydn =0
E E

6. Show that fh € Rt p-a.s.
7. Show that fh = |f| p-a.s.

8. Prove the following:
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Theorem 63 Let pu be a measure on (2, F) and f € LE(Q,F,pn).
Then, v = [ fdu defined by:

VE € F, u(E)é/fdu
E

is a complex measure on (2, F) with total variation:

VE € WI(B) = [ I1idn

EXERCISE 15. Let u € M'(Q, F) be a signed measure. Suppose that
h € Li(,F,|pu|) is such that |h| = 1 and u = [ hd|pu|. Define
A={h=1} and B={h = —1}.
1. Show that for all E € F, p™(E) = [, 2(1+ h)d|p|.
(E) = [ 5(1 = h)d|ul.
3. Show that ut = pu? = (AN -).

2. Show that for all £ € F, u~
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4. Show that u= = —pu? = —u(BnN -).

Theorem 64 (Hahn Decomposition) Let p be a signed measure
on (Q,F). There exist A,B € F, such that ANB =10, Q=AWB
and for all E € F, u™(E) = w(ANE) and p~ (E) = —pu(BN E).

Definition 97 Let u be a complex measure on (2, F). We define:

A
Le(Q,F n) = Le(Q.F, |ul)
and for all f € LE(Q, F, 1), the Lebesgue integral of f with respect

to u, is defined as:
N
[ ran® [ shdi

where h € L&(Q, F, |ul|) is such that |h| =1 and p = [ hd|u).
EXERCISE 16. Let p be a complex measure on (2, F).
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1. Show that for all f: (Q,F) — (C, B(C)) measurable:
feLb@Fp) & [ Ifldul < +oo

2. Show that for f € L& (2, F, u), [ fdp is unambiguously defined.
Show that for all E € F, 1 € LE(Q, F, 1) and [ 1gdu = u(E).

- w

Show that if g is a finite measure, then |u| = pu.

5. Show that if 4 is a finite measure, definition (97) of integral
and space L&(€2,F,u) is consistent with that already known
for measures.

6. Show that L&(Q, F, u) is a C-vector space and that:

/(f+ag)du=/fdu+a/gdu

for all f,g € L§(Q,F,p) and a € C.
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7.

Show that for all f € L5(Q2,F, 1), we have:

] / fdu‘ [ 151

EXERCISE 17. Let p,v € MY(Q,F), let a € C.

1.
2.
3.
. Show that for all £ € F:

Show that |av| = |al.|V]
Show that |p + v| < |u| + |v|
Show that L&(Q, F,u) N LE(Q, F,v) C LE(Q, F,p+ av)

/IEd(u—l—ou/) z/lgdu—l—a/lEdV

. Show that for all f € L5(Q,F,u) N LE(Q,F,v):

/fdu—I—oa/ /fdu—i—a/fdz/
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EXERCISE 18. Let f : (,F) — [0, +00] be non-negative and mea-
surable. Let 1 and v be measures on (£2, F), and « € [0, +0o0]:

1. Show that g+ av is a measure on (2, F) and:

/fdu—i—ow /fdu—i—a/fdz/

2. Show that if 4 < v, then:
[rin< [ sav

EXERCISE 19. Let p € MY(Q,F), p1 = Re(p) and po = Im(u).
1. Show that |p1| < |u| and |ua| < |u|.

2. Show that [u] < |p1] + [p2l.
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3. Show that LL(Q, F, ) = LE(Q, F, 1) N LE(Q, F, pz).

4. Show that:
Le(Q,Fm) = Le(Q,F,uf) N Le(Q,Fouy)
Lé(ﬂval@) = LE(Q,}—,/L;)DLE(Q,]—',ME)

5. Show that for all f € L&(Q, F, p):
/fdu /fdul /fdu1 + 1 (/fduz /fduz)

EXERCISE 20. Let p € M1(Q, F). Let A€ F. Let h € LE(Q, F, |ul)
be such that |h| = 1 and = [ hd|p|. Recall that u* = u(AN -) and
Wa = pi(F ,) Where Fla={ANE, E€F}CF.

1. Show that we also have |4 ={E: EcF , EC A}
2. Show that p?* € M*(Q,F) and pys € M'(A, Fa).
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3. Let E € F and (Ey),>1 be a measurable partition of E. Show:
Z A (En)| < ul*(B)

4. Show that we have [u4| < |u|*.

5. Let £ € F and (E,),>1 be a measurable partition of AN E.
Show that:

Zlu )| < (AN E)

6. Show that |u?|(A¢) =0
7. Show that |u?| = |u|*.

8. Let £ € F|4 and (En)n>1 be an F| a-measurable partition of E.
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10.

11.
12.
13.

Show that:

Z [a(En)| < [ulja(E)

. Show that 4| < |pla-

Let E € Fj4 C F and (E,),>1 be a measurable partition of E.
Show that (E,),>1 is also an F|4-measurable partition of E,
and conclude:

Zlu )| < |pal(E)

Show that |pa| = |p]ja-
Show that u? = [ hd|u?]|.
Show that k4 € LG(A, Fia, |pal) and pa = [ hjad|pal.
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14. Show that for all f € L5(Q2,F, 1), we have:
flA € LlC(Qvfmu) ) f € LlC(Qvfa,uA) ) f\A € LlC(Aa'ﬂAyﬂ\A)

and:
[ Fradn= [ saut = [ faduns

Definition 98 Let f € L&(QU, F, u) , where p is a complex measure
on (Q,F). let A€ F. We call partial Lebesgue integral of [ with
respect to p over A, the integral denoted fA fdu, defined as:

/A fau? [(sradn = [ raut = [ (Giada

where p? is the complex measure on (Q,F), p* = p(AnN ), fla is
the restriction of f to A and jua is the restriction of p to F|a, the
trace of F on A.

EXERCISE 21. Prove the following:
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Theorem 65 Let f € L5(Q, F, i), where p is a complexr measure
n (Q,F). Then, v = [ fdu defined as:

VE € F, u(E)é/fdu
E
is a complex measure on (2, F), with total variation:
VE € F . WI(B) = [ 17idld

Moreover, for all measurable map g : (Q,F) — (C,B(C)), we have:
g€ Lc(QF,v) & gf € Lo(Q,F, p)

and when such condition is satisfied:

/ng=/gfdu

EXERCISE 22. Let (Q1, F1), ..., (2, F,) be measurable spaces, where
n > 2 Let uyg € MYQu,F1), ..., pn € MY(Qn,F,). For all
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i € Ny, let h; belonging to L& (Q4, i, |pi]) be such that |h;| = 1
and p; = [ hid|p;|. For all E € Fy ®@...® F,, we define:

A
u(E)=/Eh1...hnd\u1\®...®|un\

1. Show that p € MY(Q; x ... x ), F1 ®...® F,)
2. Show that for all measurable rectangle A; x ... x A,:

,u(A1 X ... X An) = ,ul(Al) .. ,un(An)

3. Prove the following:

Theorem 66 Let py, ..., 1, be n complex measures on measurable
spaces (1, F1), .., (L, Fn) respectively, where n > 2. There exists
a unique complex measure (1 ®. . .Qpyn on (L X... XQy, F1R@...QF,)
such that for all measurable rectangle A1 X ... X A,, we have:

,U1®...®/1,n(A1 XXAn):,ul(Al),un(An)
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EXERCISE 23. Further to theorem (66) and exercise (22):
1. Show that |41 ® ... ® pn| = || @ ... @ |n].
2. Show that [l @ ... & pall = [lpall - l1nl]-
3. Show that for all E € F1 ®...Q Fp:

u1®...®,un(E):/hl...hnd|u1®...®,un\
E
4. Let fEeLE(Q X .. X Qn, F1 @ ... @ Fpy 11 @ ... @ fa). Show:

5. let o be a permutation of {1,...,n}. Show that:

/fd,u1®...®un:/ fd,ua(l)...dug(n)
Qo (n) Qo(1)
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