Tutorial 13: Regular Measure 1

13. Regular Measure
In the following, K denotes R or C.

Definition 99 Let (Q, F) be a measurable space. We say that a map
s:Q — C is a complex simple function on (2, F), if and only if

it is of the form:
n
s = Z ol a,
i=1

where n > 1, a; € C and A; € F for all i € N,,. The set of all
complex simple functions on (Q,F) is denoted Sc(Q, F). The set of
all R-valued complex simple functions in (2, F) is denoted Sr(€2, F).

Recall that a simple function on (€2, F), as defined in (40), is just a
non-negative element of Sgr (€2, F).

EXERCISE 1. Let (Q, F, pt) be a measure space and p € [1, +00[.
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1. Suppose s : Q — C is of the form

n
s = E aila,
i=1

where n > 1, o; € C, A; € F and p(A4;) < +oo for all i € N,,.
Show that s € L% (Q, F, ) N Sc(Q, F).

2. Show that any s € Sc(€2, F) can be written as:

s:ZailAi
i=1
where n > 1, o; € C\ {0}, A; € Fand A, NA; =0 for i # j.
3. Show that any s € L% (Q, F, n) N Sc(2, F) is of the form:

s = Zai]‘Ai
i=1
where n > 1, a; € C, A; € F and p(4;) < 400, for all i € N,,.

www.probability.net


http://www.probability.net

Tutorial 13: Regular Measure 3

4. Show that LE (2, F, u) N Sc(Q2, F) = Sc(2, F).

EXERCISE 2. Let (2, F, 1) be a measure space and p € [1, +oo[. Let
f be a non-negative element of L (2, F, p).

1. Show the existence of a sequence (s,)n>1 of non-negative func-
tions in L (2, F, pn) N Sr (2, F) such that s,, T f.

2. Show that:
lim /\sn — fPdp =0

n—-+oo

3. Show that there exists s € Lk (Q,F,p) N Sr(Q, F) such that
Ilf —sll, <e forall e > 0.

4. Show that Ly (Q, F, u) N Sk (Q, F) is dense in LE (2, F, p).
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ExXERCISE 3. Let (Q,F,u) be a measure space. Let f be a non-

negative element of L¥ (2, F, 1). For all n > 1, we define:
A n2™—1 2
Sn = Z 271{k/2"§4f<(k+1)/2n} +nlp<py
k=0

1. Show that for all n > 1, s,, is a simple function.
2. Show there exists ng > 1 and N € F with pu(N) = 0, such that:
Vw e N¢, 0 < f(w) <ng

3. Show that for all n > ng and w € N€¢, we have:

0< f(w) = sule) < 57

4. Conclude that:

nl{r_{}m If = snllc =0
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5. Show the following:

Theorem 67 Let (Q,F,u) be a measure space and p € [1,+0o0].
Then, Ly (Q,F, p) NSk (Q,F) is dense in Ly (Q, F, p).

EXERCISE 4. Let (Q2,7) be a metrizable topological space, and u be
a finite measure on (2, B(€2)). We define ¥ as the set of all B € B(2)
such that for all € > 0, there exist F' closed and G open in 2, with:

FCBCG, u(G\F)<e
Given a metric d on (€, 7) inducing the topology 7, we define:
d(z, A) = mf{d(:c y): y e A}
forall AC Q and z € Q.

1. Show that & — d(x, A) from €2 to R is continuous for all A C Q.
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2. Show that if F'is closed in Q, = € F'is equivalent to d(z, F) = 0.

EXERCISE 5. Further to exercise (4), we assume that F' is a closed
subset of Q. For all n > 1, we define:

Gn é{xEQ: d(z, F) < %}
Show that G, is open for all n > 1.
Show that G,, | F.
Show that F' € X.

Was it important to assume that p is finite?

Show that 2 € 2.

. Show that if B € 3, then B¢ € X.
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EXERCISE 6. Further to exercise (5), let (B),)n>1 be a sequence in X.
Define B = U B,, and let € > 0.

1. Show that for all n, there is F}, closed and G,, open in ), with:
€

Fn © Bn © Gu s G\ Fn) < o

2. Show the existence of some N > 1 such that:

+oo N
n=1 n=1
3. Define G = U2 G,, and F = UN_, F,,. Show that F is closed,
GlsopenanngBgG
4. Show that:
—+o0 “+oo
G\FCG\ (U Fn> W (U Fn> \ F
n=1 n=1
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5. Show that:
o0 +oo
G\ (U F> clJGa\F,
n=1 n=1
6. Show that u(G'\ F') < 2e.

7. Show that ¥ is a o-algebra on 0, and conclude that ¥ = B(1Q).

Theorem 68 Let (2,7) be a metrizable topological space, and p be
a finite measure on (Q,B(Q)). Then, for all B € B(Q) and ¢ > 0,
there exist F' closed and G open in Q) such that:

FCBCG, u(G\F)<e
Definition 100 Let (Q2,7) be a topological space. We denote Cg(€2)

the K-vector space of all continuous, bounded maps ¢ : Q@ — K,
where K =R or K = C.
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EXERCISE 7. Let (©2,7) be a metrizable topological space with some
metric d. Let p be a finite measure on (2, B(£2)) and F be a closed
subset of Q. For all n > 1, we define ¢, : 2 — R by:

Ve, ¢n(z) 21— 1A (nd(z, F))
1. Show that for all p € [1, +o0], we have C% (Q) C L (2, B(Q), u).
2. Show that for all n > 1, ¢,, € C% (D).
3. Show that ¢,, — 1p.

4. Show that for all p € [1, 4o00[, we have:

n—-+oo

lim /|¢n —1p|Pdu =0

5. Show that for all p € [1,+oc[ and € > 0, there exists ¢ € C ()
such that ||¢ — 1r||, <e.
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6. Let v € M'(Q,B(2)). Show that C4(Q) C L&(Q, B(2),v) and:

= 1 nd
F)= i [ onds

7. Prove the following;:

Theorem 69 Let (2,7) be a metrizable topological space and p,v
be two complex measures on (Q, B(Q)) such that:

Vo e Ch@), [odu= [ oav
Then p = v.

EXERCISE 8. Let (©2,7) be a metrizable topological space and pu be
a finite measure on (2, B(Q2)). Let s € Sc(2,B(2)) be a complex

www.probability.net


http://www.probability.net

Tutorial 13: Regular Measure 11

simple function:
s = Z aila,
i=1
where n > 1, o; € C, 4; € B(Q) for all i € N,,. Let p € [1,40o0].

1. Show that given € > 0, for all « € N,, there is a closed subset F;
of 2 such that F; C A; and u(A; \ F;) <e. Let:

n
s 2 Zailpi
i=1
2. Show that:
n
1
s — 'l < (Z%) o
i=1

3. Conclude that given e > 0, there exists ¢ € C4(Q) such that:

¢ —sllp, <e
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4. Prove the following:

Theorem 70 Let (Q,7) be a metrizable topological space and 1 be
a finite measure on (Q,B(Q)). Then, for all p € [1,+oc[, Ck () is
dense in LY (Q, B(Q2), p).

Definition 101 A topological space (2, T) is said to be o-compact
if and only if, there exists a sequence (Kp)n>1 of compact subsets of
Q such that K, 7 Q.

EXERCISE 9. Let (€2,7) be a metrizable and o-compact topological
space, with metric d. Let €’ be open in Q. For all n > 1, we define:
F,2{zeQ: d (Q)°) >1/n}

Let (Kp)n>1 be a sequence of compact subsets of {2 such that K, T €.

1. Show that for all n > 1, F,, is closed in €.
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2.

3
4

d.
6.

Show that Fj, T Q.

. Show that F, N K,, T €.

. Show that F,, N K, is closed in K,, for all n > 1.

Show that F,, N K,, is a compact subset of Q' for all n > 1.

Prove the following:

Theorem 71 Let (Q,7) be a metrizable and o-compact topological
space. Then, for all ' open subsets of 2, the induced topological space
Q. Tjqy) is itself metrizable and o-compact.

Definition 102 Let (Q,7) be a topological space and 11 be a measure
on (Q,B(Q)). We say that v is locally finite, if and only if, every
x € Q has an open neighborhood of finite p-measure, i.e.

VeeQ,30eT,zeclU, plU) <+
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Definition 103 If i1 is a measure on a Hausdorff topological space ):
We say that p is inner-regular, if and only if, for all B € B(Q):

w(B) =sup{u(K): K C B, K compact}
We say that 1 is outer-regular, if and only if, for all B € B(Q):
w(B) =inf{u(G): BC G, G open}
We say that p is regular if it is both inner and outer-regular.
ExERCISE 10. Let (2, 7) be a Hausdorff topological space, p a locally
finite measure on (2, 8(f2)), and K a compact subset of .

1. Show the existence of open sets Vi, ..., V, with u(V;) < 400 for
allie N, and K C Vi U...UV,, where n > 1.

2. Conclude that pu(K) < +oo.

EXERCISE 11. Let (2,7) be a metrizable and o-compact topological
space. Let p be a finite measure on (€2, 5(f2)). Let (K,)n>1 be a
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sequence of compact subsets of 2 such that K,, T Q. Let B € B(Q).
We define oo = sup{u(K): K C B, K compact}.

1.

B el S

Show that given € > 0, there exists F' closed in ) such that
FCBand u(B\F) <e.

Show that F'\ (K, N F) | 0.
Show that K,, N F' is closed in K,,.
Show that K,, N F is compact.

Conclude that given € > 0, there exists K compact subset of
such that K C F and u(F \ K) <e.

Show that u(B) < u(K) + 2e.

Show that u(B) < « and conclude that p is inner-regular.

EXERCISE 12. Let (2,7) be a metrizable and o-compact topological
space. Let p be a locally finite measure on (2, B(€2)). Let (K,,)n>1 be
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a sequence of compact subsets of Q such that K,, T Q. Let B € B(Q),
and « € R be such that o < u(B).

1.
2.

° N>

Show that u(K, N B) T u(B).

Show the existence of K C  compact, with a < u(K N B).

. Let p® = p(K N -). Show that p is a finite measure, and

conclude that p (B) = sup{p® (K*): K* C B, K* compact}.

. Show the existence of a compact subset K* of €2, such that

K*C Band a < pu(KNK*).
Show that K™ is closed in €.
Show that K N K* is closed in K.
Show that K N K* is compact.

Show that o < sup{u(K’): K'C B, K’ compact}.
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9. Show that u(B) < sup{u(K'): K'C B, K’ compact}.

10. Conclude that u is inner-regular.

EXERCISE 13. Let (£2,7) be a metrizable topological space.

1. Show that (€,7) is separable if and only if it has a countable
base.

2. Show that if (Q,7) is compact, for all n > 1, Q can be covered
by a finite number of open balls with radius 1/n.

3. Show that if (Q,7) is compact, then it is separable.

EXERCISE 14. Let (2,7) be a metrizable and o-compact topological
space with metric d. Let (K,,),>1 be a sequence of compact subsets
of  such that K,, T Q.
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1. For all n > 1, give a metric on K, inducing the topology 7|, .
2. Show that (K,,7|k,) is separable.

3. Let (21),>1 be an at most countable sequence of (K, 7|, ),
which is dense. Show that (zF), ,>1 is an at most countable
dense family of (Q2,7), and conclude with the following:

Theorem 72 Let (Q,7) be a metrizable and o-compact topological
space. Then, (2,7T) is separable and has a countable base.

EXERCISE 15. Let (2,7) be a metrizable and o-compact topological
space. Let u be a locally finite measure on (2, B(2)). Let H be a
countable base of (,7). We define H' ={V e H: pu(V) < +oo}.

1. Show that for all U open in 2 and x € U, there is U, open in
Q such that z € U, C U and p(U,) < +o0.
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2. Show the existence of V,, € ‘H such that x € V, C U,.
3. Conclude that H’ is a countable base of (2, 7).
4. Show the existence of a sequence (V},),>1 of open sets in 2 with:

—+o0
Q= Vu, p(Vn) <400, ¥n>1

n=1

EXERCISE 16. Let (2,7) be a metrizable and o-compact topological
space. Let p be a locally finite measure on (€2, B(€2)). Let (V,,)n>1 a
sequence of open subsets of €2 such that:

+oo
Q= Vu, u(Va) <+oo, ¥n>1

n=1

Let B € B(R?) and o = inf{u(G) : BC G, G open}.
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1. Given € > 0, show that there exists G, open in ) such that
B C G, and ¥ (G, \ B) < ¢/2", where u"» = u(V,, N -).

Let G = U2 (V,,NGy,). Show that G is open in 2, and B C G.
Show that G\ B = U/>V,, N (G, \ B).

Show that u(G) < u(B) + €.

Show that o < u(B).

Conclude that is 1 outer-regular.

R A T o

Show the following:

Theorem 73 Let o be a locally finite measure on a metrizable and
o-compact topological space (2, T). Then, u is regular, i.e.:

w(B) = sup{u(K): KC B, K compact}
= inf{u(G): BC G, G open}

www.probability.net


http://www.probability.net

Tutorial 13: Regular Measure 21
for all B € B().

EXERCISE 17. Show the following:

Theorem 74 Let Q be an open subset of R™, where n > 1. Any
locally finite measure on (2, B(Q)) is regular.

Definition 104 We call strongly o-compact topological space, a
topological space (2, 7T), for which there exists a sequence (Vy)n>1 of
open sets with compact closure, such that V,, T €.

Definition 105 We call locally compact topological space, a topo-
logical space (2, T), for which every x € Q has an open neighborhood
with compact closure, i.e. such that:

VeeQ,WeT: zcU, Uis compact
EXERCISE 18. Let (£2,7) be a o-compact and locally compact topo-

logical space. Let (K,),>1 be a sequence of compact subsets of €
such that K, T €.
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1.

Show that for all n > 1, there are open sets V{",..., V' p, > 1,
such that K, C V" U...UV and | 2L Vp’; are compact

subsets of €.

. Define W, = Vi"U... .UV and V,, = Up_, Wy, for n > 1. Show

that (V,,)n>1 is a sequence of open sets in Q with V,, T Q.

. Show that W, = V" U...UV;" for all n > 1.
. Show that W, is compact for all n > 1.
. Show that Vj, is compact for all n > 1

. Conclude with the following;:

Theorem 75 A topological space (2,T) is strongly o-compact, if
and only if it is o-compact and locally compact.
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EXERCISE 19. Let (©2,7) be a topological space and ) be a subset
of Q. Let A C Q. We denote AF the closure of A in the induced
topological space (€', 7j¢), and A its closure in €.

1.
2.
3.

Show that A C Q' N A.
Show that Q' N A is closed in €.
Show that A% C Q' N A.

. Let z € Q' N A. Show that if z € U' € Tj, then ANU’ # 0.

. Show that AY = Q' N A.

ExERCISE 20. Let (£2,d) be a metric space.

1.

Show that for all z € Q and € > 0, we have:

B(z,e) C{y e Q: d(z,y) <e€}
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[\

. Take 2 = [0,1/2[U{1}. Show that B(0,1) = [0,1/2].

3. Show that [0,1/2[ is closed in Q.
4. Show that B(0,1) =[0,1/2].

ot

. Conclude that B(0,1) #{y € Q: |y <1} =

EXERCISE 21. Let (©2,d) be a locally compact metric space. Let €’
be an open subset of . Let x € €',

1. Show there exists U open with compact closure, such that x € U.
2. Show the existence of € > 0 such that B(z,¢) C U N’

3. Show that B(z,¢/2) C U.

4. Show that B(z,€/2) is closed in U.

5. Show that B(x,€/2) is a compact subset of Q.
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6. Show that B(x,e/2) C Q.

7. Let U’ = B(xz,¢/2) N QY = B(x,¢/2). Show x € U’ € Tjoy, and:
0" = Blx,¢/2)

8. Show that the induced topological space €’ is locally compact.

9. Prove the following:

Theorem 76 Let (2,7) be a metrizable and strongly o-compact
topological space. Then, for all Q' open subsets of Q, the induced
topological space (£, Tiov) is itself metrizable and strongly o-compact.

Definition 106 Let (2,7) be a topological space, and ¢ : Q@ — C be
a map. We call support of ¢, the closure of the set {¢ # 0}, i.e.:

supp(¢) 2 {we: ¢w)#0}
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Definition 107 Let (2, T) be a topological space. We denote Cg (£2)
the K-vector space of all continuous map with compact support
¢:Q— K, where K=R or K=C.
EXERCISE 22. Let (2,7) be a topological space.

1. Show that 0 € Ci(€2).

2. Show that Cg(€) is indeed a K-vector space.

3. Show that Cg(Q) C CL (D).

EXERCISE 23. let (€2,d) be a locally compact metric space. let K be
a compact subset of 2, and G be open in , with K C G.

1. Show the existence of open sets Vi,...,V, such that:
KCWviu...UuV,

and Vi, ...,V, are compact subsets of Q.
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- w

© ® N>

10.

Show that V' = (V4 U...UV,,)NGisopenin Q, and K CV C G.
Show that VC V, U...UV,,.
Show that V is compact.

We assume K # () and V # Q, and we define ¢ : Q — R by:
d(z,V°)
d(z,Ve) 4+ d(z, K)

Show that ¢ is well-defined and continuous.

VxEQ,gb(x)é

Show that {¢ # 0} = V.

Show that ¢ € C{(Q).

Show that 1x < ¢ < 1g.

Show that if K = (), there is ¢ € C(Q) with 1x < ¢ < 1.

Show that if V' = Q then ) is compact.
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11. Show that if V = Q, there ¢ € C{ () with 1x < ¢ < 1¢.

Theorem 77 Let (Q,7) be a metrizable and locally compact topolog-
ical space. Let K be a compact subset of 2, and G be an open subset
of  such that K C G. Then, there exists ¢ € C§ (), real-valued
continuous map with compact support, such that:

Ig <9< 1g

EXERCISE 24. Let (£2,7) be a metrizable and strongly o-compact
topological space. Let p be a locally finite measure on (€2, 5(2)). Let
B € B(Q) be such that u(B) < +o00. Let p € [1,400].

1. Show that Cg () C Ly (Q, B(Q), u).
2. Let € > 0. Show the existence of K compact and G open, with:

KCBCG, f(G\K) <e
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3. Where did you use the fact that u(B) < 400?
4. Show the existence of ¢ € C{(Q) with 1x < ¢ < 1g.
5. Show that:
[16=18dn < w6\ K)
6. Conclude that for all € > 0, there exists ¢ € Cg (£2) such that:
l¢—1pllp <€

7. Let s € Sc(Q, B(2)) N LE (2, B(2), ). Show that for all € > 0,
there exists ¢ € C&(€2) such that ||¢ — s||, <e.

8. Prove the following:
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Theorem 78 Let (2,7) be a metrizable and strongly o-compact
topological space'. Let u be a locally finite measure on (2, B(Q)).
Then, for all p € [1,+00], the space Cg () of K-valued, continuous

maps with compact support, is dense in Ly (Q, B(Q2), u).

EXERCISE 25. Prove the following:

Theorem 79 Let Q be an open subset of R™, where n > 1. Then,
for any locally finite measure p on (Q,B(2)) and p € [1,4+o00[, C5(2)
is dense in Ly (2, B(Q), ).

1i.e. a metrizable topological space for which there exists a sequence (Vi )n>1

of open sets with compact closure, such that Vj, T Q.
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