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9.

LP-spaces, p € [1, +o0]

In the following, (2, F, ) is a measure space.

EXERCISE 1. Let f,g: (2, F) — [0, +00] be non-negative and mea-
surable maps. Let p,q € R, such that 1/p +1/¢ = 1.

1

2.

. Show that 1 < p < +00 and 1 < ¢ < +00.
For all a €]0, +oc[, we define ¢ : [0, +00] — [0, +0o0] by:

¢a()é z* if zeR'
V=Y 400 if =400

Show that ¢“ is a continuous map.

. Define A = ([ frdu)'/?, B = ([ g%dp)'/? and C = [ fgdp.
Explain why A, B and C' are well defined elements of [0, 4+o00].

. Show that if A =0 or B =0 then C < AB.
. Show that if A = 400 or B = +o0o then C < AB.
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6. We assume from now on that 0 < A < +o0c and 0 < B < +00.
Define F' = f/A and G = ¢g/B. Show that:

/de,uz/Gpduzl
Q Q

7. Let a,b €]0, +oc[. Show that:

In(a) + In(b) < In <la” + 1bq>
p q

and: 1 .
ab < —aP + —b?
p q

Prove this last inequality for all a,b € [0, +o0].

8. Show that for all w € ), we have:

Fw)G(w) <
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9. Show that C < AB.

Theorem 41 (Holder’s inequality) Let (Q,F,u) be a measure
space and f, g : (Q,F) — [0, +00] be two non-negative and measurable
maps. Let p,q € R be such that 1/p+1/q=1. Then:

oo (L)’ ()

Theorem 42 (Cauchy-Schwarz’s inequality:first)
Let (Q,F, ) be a measure space and f,g: (2, F) — [0,+0o0] be two
non-negative and measurable maps. Then:

oo (L)’ (o)’

EXERCISE 2. Let f,g : (,F) — [0,400] be two non-negative and
measurable maps. Let p €]1,+oc[. Define A = ([ fPdu)'/? and
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B = ([ g"dp)"/? and C = ([(f + g)Pdp)'/7.
1. Explain why A, B and C' are well defined elements of [0, +00].
2. Show that for all a, b €]0, +oo[, we have:
(a+b)P < 2P~ (a? 4 bP)
Prove this inequality for all a,b € [0, +o0].
3. Show that if A = 400 or B=+ococ or C =0 then C < A+ B.
4. Show that if A < 400 and B < 400 then C < +o0.

5. We assume from now that A4, B € [0,+oo[ and C' €]0, +o0].
Show the existence of some ¢ € R™ such that 1/p+1/q=1.

6. Show that for all a,b € [0, +00], we have:
(a+b)P = (a+b).(a+b)P!
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7. Show that:
| rusartan < act
/Qg-(f+g>”*1du < BCu
8. Show that:

/Q(f +g)Pdp < O (A+ B)

9. Show that C < A + B.

10. Show that the inequality still holds if we assume that p = 1.
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Theorem 43 (Minkowski’s inequality) Let (2, F,u) be a mea-

sure space and f,g: (Q,F) — [0, +00] be two non-negative and mea-
surable maps. Let p € [1, +oo[ Then:

(o7 < (o) (L)

Definition 73 The LP-spaces, p € [1,400[, on (Q, F, ), are:
LR (Q, F, ,u)é{f:(ﬂ,}")—%R,B(R)) measumble,/g|f\pdu <+oo}

L% (Q, F, ,u)é{f:(ﬂ,}")—%C,B(C)) measumble,/ |fIPdp <—|—oo}
Q

For all f € L%(Q, F, i), we put:

T ( / fl”du>p

EXERCISE 3. Let p € [1,+00[. Let f,g € LL(%, F, p).
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1. Show that Ly (Q, F,pu) = {f € LL(Q, F,p) , f(2) CR}.

2. Show that L% (2, F, p) is closed under R-linear combinations.
Show that Lg(Q, F, p) is closed under C-linear combinations.
Show that [1£ + glly < 1£llp + lgll-

5. Show that || f||l, =0 < f =0 p-as.

6. Show that for all a € C, ||af|, = ||-|[f]lp-

7. Explain why (f,g) — || — g|l, is not a metric on L%(Q, F, u)

Definition 74 For all f : (Q,F) — (C,B(C)) measurable, Let:

[flloc S inf{M € R* | |f| <M p-a.s.}
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The L*>-spaces on a measure space (2, F,u) are:

Ly (Q,F, u)é{f:(ﬂ,]-') — (R, B(R)) measurable, || f||oc < +00}
LE(Q,F, u)é{f:(fl,}") — (C, B(C)) measurable, || f]|c < +o0}

EXERCISE 4. Let f,g € LZ(Q, F, 1).
1. Show that LE(Q, F.pn) ={f € LZ(Q, F,un) , f(2) CR}.
2. Show that |f| < ||f]lec p-a.s.

Show that ||f + gllce < [|fllee + [lgllco-

-~ W

Show that LY (2, F, u) is closed under R-linear combinations.

ot

Show that LE (€2, F, i) is closed under C-linear combinations.
6. Show that ||f]lcc =0 < f =0 p-a.s..
7. Show that for all a € C, [|af]leo = ||| flso-
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8. Explain why (f,9) — ||f — 9/l is not a metric on L (2, F, p)

Definition 75 Letp € [1,400]. Let K =R or C. For alle > 0 and
f e Ly (Q,F,n), we define the so-called open ball in L (Q, F, p):

A
B(f,¢e) = {g ‘g€ LII)((Qv]:nu)v ”f_g”p < 6}
We call usual topology in LY (Q, F, p), the set T defined by:
TE{U U CLE(Q,F,p),¥f €U, 3 > 0,B(f,¢) C U}

Note that if (f,g) — [|f — gll, was a metric, the usual topology in
LY (2, F, 1), would be nothing but the metric topology.

EXERCISE 5. Let p € [1,+00]. Suppose there exists N € F with
w(N)=0and N # (. Put f=1x5 and g =0

1. Show that f,g € LL(Q, F,p) and f # g.
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2. Show that any open set containing f also contains g.

3. Show that LL(Q, F, p) and L (Q, F, i) are not Hausdorff.

EXERCISE 6. Show that the usual topology on L (2, F, ) is induced
by the usual topology on L%(Q, F, i), where p € [1, +o0].

Definition 76 Let (E,T) be a topological space. A sequence (zy)n>1

i E is said to converge to x € E, and we write T, 7 x, if and only
if, for allU € T such that © € U, there exists ng > 1 such that:

n>nyg = x, €U
When E = LL(Q, F,pu) or E = Ly (2, F, 1), we write z, L .

EXERCISE 7. Let (F,7) be a topological space and E' C E. Let
7' = Tjg be the induced topology on E’. Show that if (z,),>1 is a

. T . . T’
sequence in £’ and z € F’, then x,, — x is equivalent to x,, — .

EXERCISE 8. Let f, g, (fn)n>1 be in L% (Q, F, 1) and p € [1, +o0].
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1. Recall what the notation f,, — f means.
2. Show that f, = f is equivalent to || f,, — f]l, — O.

3. Show that if f, L fand f, L g then f =g p-a.s.

EXERCISE 9. Let p € [1, +00]. Suppose there exists some N € F such
that w(N) = 0 and N # (. Find a sequence (f,)n>1 in L&(Q2, F, 1)

and f,g in LL(Q, F, p), f # g such that f, 22 fand f, L qg.

Definition 77 Let (fn)n>1 be a sequence in LE&(QY,F,p), where
(Q,F, u) is a measure space and p € [1,+00]. We say that (fn)n>1 is
a Cauchy sequence, if and only if, for all € > 0, there exists ng > 1
such that:

n,m>ng = ||[fo— fmlp <e
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EXERCISE 10. Let f,(fn)n>1 be in LE(Q,F,p) and p € [1,400].
Show that if f, = f, then (fn)n>1 is a Cauchy sequence.

EXERCISE 11. Let (f)n>1 be Cauchy in LL(Q, F, 1), p € [1,+00].

1. Show the existence of n; > 1 such that:
1
nzmn = an _mep < 5
2. Suppose we have found ny < ng < ... <ng, k> 1, such that:

. 1
Ve (L ikl nzng S Ifa— fully < 5

Show the existence of niy1, ng < nr41 such that:

1
n2Ngp1 = an_fnk-HHPSW
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3. Show that there exists a subsequence (fy, )k>1 of (fn)n>1 with:

—+oo
Z ||fnk.+1 - fnk”l’ < +o0
k=1

EXERCISE 12. Let p € [1,400], and (fn)n>1 be in LE(Q, F, p), with:

—+o0
D lfnsr = fallp < +00
n=1

We define: N
A
9= | fat1 = fal
n=1

1. Show that ¢ : (2, F) — [0, +00] is non-negative and measurable.

2. If p = +o0, show that g < :i'i I fns1 — falloo pra.s.
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3. If p € [1,400[, show that for all N > 1, we have:
N “+00
Slnir = Fal || < 1fnsr = fullo
n=1 p n=1
4. If p € [1,400[, show that:
=
</Qgpd/1') SZanJrl_fn”p
n=1

5. Show that for p € [1,4+00], we have g < +00 p-a.s.

6. Define A = {g < 4+o00}. Show that for all w € A, (fr(w))n>1 1S
a Cauchy sequence in C. We denote z(w) its limit.

7. Define f: (2,F) — (C,B(C)), by:

{7 L
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Show that f is measurable and f,, — f p-a.s.

8. if p = 400, show that for all n > 1, | f,,| < |f1|+ ¢ and conclude
that f € LE(Q, F, ).

9. If p € [1, +00[, show the existence of ng > 1, such that:
nzno = [ 1f- fuPdu<
Q
Deduce from Fatou’s lemma that f — f,, € LG (Q, F, p).

10. Show that for p € [1,4o0|, f € LL(Q,F, p).

11. Suppose that f, € L% (Q, F, u), for all n > 1. Show the exis-
tence of f € L{(Q, F,u), such that f, — f p-a.s.
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EXERCISE 13. Let p € [1,4+00], and (f)n>1 be in LEL(Q, F, ), with:

+oo
Z ||fn+1 - anP < +00

n=1
1. Does there exist f € L4 (2, F, p) such that f, — f p-a.s.

2. Suppose p = +o00. Show that for all n < m, we have:

|fmt1 — ful < Z | frosr1 — frlloo p-a.s.

k=n

3. Suppose p = +o0o. Show that for all n > 1, we have:

o0
1f = Falloo < D Ifrsr — Frlloo

k=n
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4. Suppose p € [1,400[. Show that for all n < m, we have:

(/Q |fm+1 - fn|pdlff) ’ < Z ka+1 - kap
k=n

5. Suppose p € [1, +oo[. Show that for all n > 1, we have:

“+o0
If = fallp < D7 I fiesr = Filly
k=n
6. Show that for p € [1, +00], we also have f, =t I

7. Suppose conversely that g € LE(Q, F, p) is such that f, L—p> g.
Show that f = g p-a.s.. Conclude that f, — g p-a.s..
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Theorem 44 Let (2, F, ) be a measure space. Let p € [1,+0o0],
and (fn)n>1 be a sequence in LL(Q, F, ) such that:

+oo
Z ||fn+1 - anP < +00

n=1
Then, there exists f € L (Q, F, p) such that f, — f p-a.s. Moreover,

for all g € LL(Q,F,p), the convergence fn — g p-a.s. and fy L—p> g
are equivalent.

EXERCISE 14. Let £, (fu)n>1 be in L& (Q, F, p) such that f, 2= f,
where p € [1, +00].

1. Show that there exists a sub-sequence (fy, )k>1 of (fn)n>1, with:

+oo
Z ||f7lk+1 - fnk”P < +oo
k=1
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2. Show that there exists g € L (2, F, ) such that f,, — g p-a.s.

3. Show that f,, = g and g = f p-a.s.

4. Conclude with the following:

Theorem 45 Let (fn)n>1 be in LL(Q,F, 1) and f € LG(Q, F, p)

such that fp 2 f, where p € [1,400]. Then, we can extract a sub-
sequence (fn, )k>1 Of (fu)n>1 such that fn, — f p-a.s.

EXERCISE 15. Prove the last theorem for L% (Q, F, p).
EXERCISE 16. Let (f,)n>1 be Cauchy in L%(Q, F, u), p € [1, +00].

1. Show that there exists a subsequence (fy, )g>1 of (fn)n>1 and
f belonging to L%(Q, F, i), such that f,, =i f.

www.probability.net


http://www.probability.net

Tutorial 9: LP-spaces, p € [1, +o0] 20

2. Using the fact that (f,,),>1 is Cauchy, show that f, 2 I
Theorem 46 Let p € [1,400]. Let (fn)n>1 be a Cauchy sequence in
L%(Q, F, ). Then, there exists f € LL(Q,F, ) such that f, = I

EXERCISE 17. Prove the last theorem for L% (€, F, ).
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