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3. Stieltjes-Lebesgue Measure

Definition 12 Let A C P(Q) and p : A — [0,400] be a map. We
say that p is finitely additive if and only if, given n > 1:
Ac A A e AA=HA = pAd) =) uA)
i=1 i=1

We say that p is finitely sub-additive if and only if, given n > 1 :

AcA A e ALACJA = u(A) <Y w4
=1 =1

ExERCISE 1. Let S 2 {Ja,b] , a,b € R} be the set of all intervals
la, b], defined as ]a,b] = {z € R,a < z < b}.

1. Show that |a,bN]c,d] =]a V ¢,b A d]
2. Show that Ja, b]\]e,d] =]a,b A c]U]a V d, b]
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3. Show that c<d = bAc<aVd.

4. Show that S is a semi-ring on R.

EXERCISE 2. Suppose S is a semi-ring in Q and p : § — [0, 400] is
finitely additive. Show that p can be extended to a finitely additive
map /i : R(S) — [0, +o0], with fijs = p.

EXERCISE 3. Everything being as before, Let A € R(S), A; € R(S),
ACU! A, wheren > 1. Define By = AjNAandfori=1,...,n—1:

Bit1 2 (A NA)\ (A1 NA)U...U (A N A))

1. Show that Bj,..., B, are pairwise disjoint elements of R(S)
such that A = wj_ | B;.

2. Show that for all i = 1,...,n, we have i(B;) < i(4;).

3. Show that [ is finitely sub-additive.
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4. Show that p is finitely sub-additive.

EXERCISE 4. Let F: R — R be a right-continuous, non-decreasing
map. Let S be the semi-ring on R, § = {]a,b] , a,b € R}. Define the
map p: S — [0, +oc] by p(0) =0, and:

Va <b, p(la.b]) = F(b) — F(a) (1)

Let a <band a; <b; fori=1,...,nand n > 1, with :

n

}av b] = L"j}aiv bi]

i=1
1. Show that there is i1 € {1,...,n} such that a;, = a.
2. Show that }bil,b] = Lﬂié{l,...,n}\{il}]aiv bi}

3. Show the existence of a permutation (iy,...,4,) of {1,...,n}
suchthata:ail <bl‘1 =, < ... <bi71 =b.
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4. Show that p is finitely additive and finitely sub-additive.

EXERCISE 5. p being defined as before, suppose a < b and a,, < b,

for n > 1 with:
+oo

la,b] = L—ﬂ}an,bn]
Given N > 1, let (i1,...,in) be ;?ermutation of {1,..., N} with:
a<a;, <b, <aj, <...<b,y <b
1. Show that S5, F(bi,) — F(as,) < F(b) — F(a).
2. Show that Y- ji(lan, b)) < pu(la, b])
3. Given € > 0, show that there is 7 €]0,b — a[ such that:
0<F(a+n)—F(a) <e
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4. For n > 1, show that there is 1, > 0 such that:

0. < Flby+1) = F(bu) < o

5. Show that [a +n,b] C U ]an, by + 1.
6. Explain why there exist p > 1 and integers n, ..., n, such that:
}a + 1, b} - Ui:l]ank s by, + nnk}

7. Show that F(b) — F(a) < 2¢ 4+ 31> F(b,) — F(ay)

8. Show that g : & — [0, 4+00] is a measure.
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Definition 13 A topology on Q is a subset 7 of the power set
P(Q), with the following properties:
(i) Q00eT
(19) A BeT = AnNBeT
(i) A eTViel = | JAieT
iel

Property (iii) of definition (13) can be translated as: for any family
(4;)ier of elements of T, the union U;erA; is still an element of T.
Hence, a topology on 2, is a set of subsets of {2 containing €2 and

the empty set, which is closed under finite intersection and arbitrary
union.

Definition 14 A topological space is an ordered pair (Q,T), where
Q is a set and T is a topology on €.
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Definition 15 Let (2, 7) be a topological space. We say that A C
is an open set in €, if and only if it is an element of the topology T .
We say that A C § is a closed set in €, if and only if its complement
AC is an open set in €.

Definition 16 Let (Q,7) be a topological space. We define the
Borel o-algebra on Q, denoted B(SY), as the o-algebra on ), gener-
ated by the topology T . In other words, B(Q2) = o(T)

Definition 17 We define the usual topology on R, denoted Tr,
as the set of all U C R such that:

VeeU, 3e>0, Jx—eax+eCU

EXERCISE 6.Show that 7gr is indeed a topology on R.

EXERCISE 7. Consider the semi-ring & = {Ja,b] , a,b € R}. Let Tg
be the usual topology on R, and B(R) be the Borel o-algebra on R.

1. Let a < b. Show that Ja,b] = N, >]a, b+ 1/n].
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2. Show that o(S) C B(R).

3. Let U be an open subset of R. Show that for all z € U, there
exist ag, by € Q such that x €]a,, b,] CU.

4. Show that U = Uzev|ag, by).
5. Show that the set I 2 {laz,bz] , x € U} is countable.
6. Show that U can be written U = U;c;A; with A; € S.

7. Show that o(S) = B(R).

Theorem 6 Let S be the semi-ring S = {]a,b], a,b € R}. Then,
the Borel o-algebra B(R) on R, is generated by S, i.e. B(R) = o(S).

Definition 18 A measurable space is an ordered pair (Q, F) where
Q is a set and F is a o-algebra on ).
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Definition 19 A measure space is a triple (Q, F, ) where (Q,F)
is a measurable space and p: F — [0, +00] is a measure on F.

EXERCISE 8.Let (2, F,u) be a measure space. Let (A,)n>1 be a
sequence of elements of F such that A,, C A, for alln > 1, and let
A = Ul A, (we write A, T A). Define B; = A; and for all n > 1,
Bn+1 - An+1 \An

1. Show that (B,,) is a sequence of pairwise disjoint elements of F
such that A = W™ B,,.

2. Given N > 1 show that Ay =W | B,,.
3. Show that u(An) — u(A) as N — +oo
4. Show that pu(A4,) < p(Ap41) for all n > 1.
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Theorem 7 Let (0, F, u) be a measure space. Then if (Ap)n>1 15 a
sequence of elements of F, such that A, T A, we have u(A,) T p(A)L.

EXERCISE 9.Let (2, F,u) be a measure space. Let (A,)n>1 be a
sequence of elements of F such that 4,41 C A, for alln > 1, and let
A=nNA, (we write A, | A). We assume that p(A;) < +oo.

1. Define B, 2 A; \ A, and show that B, € F, B, 1 A; \ A.
(Ba) 1 (A1 \ A)

. Show that u(A,) = p(A1) — (A1 \ An)

. Show that u(A) = p(41) — u(A; \ 4)

2. Show that u
3
4
5. Why is p(A1) < +oo important in deriving those equalities.
6. Show that p(A,) — pu(A) as n — 400

1;

i.e. the sequence (x(An))n>1 is non-decreasing and converges to p(A).
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7. Show that p(A,+1) < p(Ay,) for all n > 1.

Theorem 8 Let (Q,F, ) be a measure space. Then if (An)n>1 is
a sequence of elements of F, such that A, | A and (A1) < 400, we

have (i(An) | p(A).

EXERCISE 10.Take @ = R and F = B(R). Suppose p is a measure
on B(R) such that pu(Ja,b]) = b — a, for a < b. Take A,, =]n, +ool.

1. Show that A, | 0.
2. Show that pu(A,) = 400, for all n > 1.
3. Conclude that u(A,) | p(0) fails to be true.

EXERCISE 11. Let F': R — R be a right-continuous, non-decreasing
map. Show the existence of a measure y : B(R) — [0, +00] such that:

Va,be R, a<b, u(la,b]) = F(b) — F(a) (2)
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EXERCISE 12.Let uq, pus be two measures on B(R) with property (2).
For n > 1, we define:

A
D, ={B € B(R), m(BN] =n,n|) = pa(BN] —n,n])}
1. Show that D,, is a Dynkin system on R.

2. Explain why (] —n,n]) < 400 and po(] — n,n|) < +oo is
needed when proving 1.

3. Show that S £ {]a,b] , a,b € R} C D,,.
4. Show that B(R) C D,,.
5. Show that 1 = ps.

6. Prove the following theorem.
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Theorem 9 Let F': R — R be a right-continuous, non-decreasing

map. There exists a unique measure i : B(R) — [0, +00] such that:
VabeR, a<b, ula,b)) = F(b) - F(a)

Definition 20 Let F': R — R be a right-continuous, non-decreasing
map. We call Stieltjes measure on R associated with F', the unique
measure on B(R), denoted dF, such that:

Va,be R, a<b, dF(Ja,b)) = F(b) — F(a)

Definition 21 We call Lebesgue measure on R, the unique mea-
sure on B(R), denoted dx, such that:

Va,be R, a <b, dz(la,b]) =b—a
EXERCISE 13. Let F': R — R be a right-continuous, non-decreasing
map. Let zg € R.
1. Show that the limit F(zo—) = limycyy 0—ao F(z) exists and is

an element of R.
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2. Show that {z¢} = N ]z0 — 1/n, z0).
3. Show that {zo} € B(R)
4. Show that dF({zo}) = F(x¢) — F(xo—)

EXERCISE 14.Let F: R — R be a right-continuous, non-decreasing
map. Let a <b.

1. Show that Ja,b] € B(R) and dF(Ja,b]) = F(b) — F(a)
2. Show that [a,b] € B(R) and dF([a,b]) = F(b) — F(a—)
3. Show that Ja,b[€ B(R) and dF(Ja,b]) = F(b—) — F(a)
4. Show that [a,b[€ B(R) and dF([a,b]) = F(b—) — F(a—)
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EXERCISE 15. Let A be a subset of the power set P(£2). Let Q' C Q.
Define: A
A‘Q/ = {AOQ/ , A€ .A}

1. Show that if A is a topology on €, Ao/ is a topology on €.

2. Show that if A is a o-algebra on Q, Ao is a o-algebra on €.

Definition 22 Let Q be a set, and O C Q. Let A be a subset of
the power set P(Q). We call trace of A on Q', the subset Ajqar of the
power set P(QY) defined by:

A S{ANQ A e A}
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Definition 23 Let (Q2,7) be a topological space and Q' C Q. We call
induced topology on ', denoted Tiqv, the topology on Q' defined

by:
T 2{ANQ, AcT)}
In other words, the induced topology 1jq: is the trace of T on .

EXERCISE 16.Let A be a subset of the power set P(Q). Let Q' C Q,
and Ao/ be the trace of A on QY. Define:

T2 {Aca(A), ANQ €o(Ag)}
where o (A|q) refers to the o-algebra generated by Ajos on €.

—

. Explain why the notation o(Ajq/) by itself is ambiguous.
2. Show that A CT.

3. Show that I' is a o-algebra on Q.

4. Show that o(Ajq/) = (A)or
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Theorem 10 Let Q' C Q and A be a subset of the power set P(£2).
Then, the trace on Q' of the o-algebra o(A) generated by A, is equal
to the o-algebra on ) generated by the trace of A on . In other
words, o(A)jor = o(Ajar)-

EXERCISE 17.Let (©2,7) be a topological space and ' C Q with its
induced topology 7|q.

1. Show that B(Q)or = B(2').

2. Show that if Q' € B(Q) then B(QY') C B(Q).

3. Show that B(RT) ={ANR*, A€ BR)}.

4. Show that B(R') C B(R).

EXERCISE 18.Let (2, F, 1) be a measure space and ' C
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1. Show that (€', Fjo/) is a measurable space.
2. If Q' € F, show that Fjoy C F.

3. If O € F, show that (Q’,]-]Q/,MQ/) is a measure space, where
pior is defined as g = H(F o)

EXERCISE 19. Let F : RT — R be a right-continuous, non-decreasing
map with F'(0) > 0. Define:

_ A0 if <0
F(x)_{F(x) it >0

1. Show that F': R — R is right-continuous and non-decreasing.

2. Show that p : B(RT) — [0, 4+00] defined by u = dF‘B(Rﬂ, is a
measure on B(R™) with the properties:

@) p({0}) = F(0)
(44) VO <a<b, u(a,b]) = F(b)— F(a)
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EXERCISE 20. Define: C = {{0}} U {Ja,b] , 0 <a < b}
1. Show that C C B(R™)
2. Let U be open in RT. Show that U is of the form:

U= U Nai, b;]

i€l

where [ is a countable set and a;, b; € R with a; < b;.
3. For all i € I, show that R*N]a;, b;] € o(C).
4. Show that o(C) = B(R™)

EXERCISE 21.Let py and pg be two measures on B(R™) with:

@) m({0}) = p({0}) = F(0)
(1) pa(la,b]) = pa(la, b)) = F(b) — F(a)
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for all 0 < a <b. For n > 1, we define:
D, ={BeBR"), m(BN[0,n]) = pu2(BN[0,n])}

1. Show that D,, is a Dynkin system on R™ with C C D,,, where
the set C is defined as in exercise (20).

2. Explain why 1 ([0,n]) < 400 and p2([0,n]) < 400 is important
when proving 1.

3. Show that M1 = H2.

4. Prove the following theorem.

Theorem 11 Let F : RT— R be a right-continuous, non-decreasing
map with F(0) > 0. There exists a unique p : B(RT) — [0, +0o0]
measure on B(R™) such that:

(1) p({0})=F(0)

(i)  Y0O<a<b, pab])=F(b) - F(a)
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Definition 24 Let F : R™—R be a right-continuous, non-decreasing
map with F(0) > 0. We call Stieltjes measure on RT associated
with F, the unique measure on B(R™), denoted dF, such that:

() dF({0}) = F'(0)
(i) VY0<a<b, dF(a,b]) = F(b) — F(a)
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